EPHOU-99-004 
March, 1999 



Non-String Pursuit towards Unified Model on the Lattice 

Noboru Kawamoto 
Department of Physics, Hokkaido University 
Sapporo, 060-0810, Japan 



Abstract 

Non-standard overview on the possible formulation towards a unified model 
on the lattice is presented. It is based on the generalized gauge theory which 
is formulated by differential forms and thus expected to fit in a simplicial 
manifold. We first review suggestive known results towards this direction. 
As a small step of concrete realization of the program, we propose a lattice 
Chern-Simons gravity theory which leads to the Chern-Simons gravity in the 
continuum limit via Ponzano-Regge model. We then summarize the quanti- 
zation procedure of the generalized gauge theory and apply the formulation 
to the generalized topological Yang-Mills action with instanton gauge fixing. 
We find N = 2 super Yang-Mills theory with Dirac-Kahler fermions which are 
generated from ghosts via twisting mechanism. The Weinberg-Salam model 
is formulated by the generalized Yang-Mills action which includes Connes's 
non-commutative geometry formulation as a particular case. In the end a 
possible scenario to realize the program is proposed. The formulations given 
here are by far incomplete towards the final goal yet include hopeful evi- 
dences. This summary of the overview is the extended version of the talk 
given at Nishinomiya- Yukawa memorial symposium (Nishinomiya-city Japan, 
Nov. 1998). 
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1 Introduction 



It is obviously the most challenging problem how to formulate the quantum gravity 
and the standard model in a unifying and constructive way. Towards a possible so- 
lution to this problem, the current trend is heading to the string related topics[]I]]@. 
It is, however, not obvious that the string is the only possible formulation lead- 
ing to the unified theory including quantum gravity. In fact, the two dimensional 
quantum gravity was formulated by a lattice gravity, the dynamical triangulation 
of random surface|§ which was analytically confirmed by Liouville theory]!]]. On 
the other hand the three dimensional Einstein gravity was successfully formulated 
by the Chern-Simons action even at the quantum level ||. There are thus other 
formulations of quantum gravity than the string related formulation. 

One of the important motivations that the super string could be the genuine 
formulation of unifying all the forces of gauge theories is that the super string may be 
able to control the divergences even with gravity, and thus the renormalizability and 
unitarity are natural consequences of the formulation. An alternative formulation 
to control the divergences would be the lattice formulation. 

Suppose we aim to formulate a unified model, what could be the possible criteria 
to believe that it could be a realistic model. Eventually the unified model should 
explain the origin of the following phenomenological parameters and characteristics: 

1. The group structure of the standard model: SU(3) x SU(2) x U(l). 

2. The number of generation = 3. 

3. The pairing structure of quarks and leptons in the standard model: Quarks 
interact strongly, weakly and electromagnetically while leptons interact differ- 
ently. 

4. Our space-time is four dimension and Minkowskian. 

5. The quark and lepton masses, the mixing parameters; Cabbibo-Kobayashi- 
Maskawa angles and possible lepton mixing angles. 
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The fundamental unified theory should eventually propose a mean to evaluate 
the item 5 quantitatively. From the experiences of the lattice QCD it would be diffi- 
cult to calculate the phenomenological quantities analytically from the fundamental 
theory. Instead we need to evaluate them numerically thus we need to formulate a 
constructive definition of a regularized unified theory including gravity. 

Concerning to the issues of quantum gravity it is more difficult to judge what 
could be the experimental evidences to confirm the quantum nature of the gravity. 
It could possibly be reflected to the large scale structure of the universe yet un- 
convincing. As we show later the quantum gravity in two dimensions can be well 
understood by the numerical simulations on the lattice which are confirmed analyt- 
ically as well. We expect that numerical method by lattice would be the only mean 
to evaluate the quantum nature of gravity even in higher dimensions. 

We thus believe that lattice theory is again a good candidate to fulfill our re- 
quirements for the quantitative unified theory. In the above phenomenologically 
known results the first four items could be understood easier than the last one and 
could be related with the super symmetry. 

In this summary of overview we propose the generalized gauge theory which 
was proposed previously by the present author and YWatabiki as a formulation 
towards a unified model on the lattice. In order to persuade the readers to accept the 
ideas and formulation I will collect the suggestive known results and include several 
recent investigations towards this direction and thus the summary is aimed to be self- 
contained. Our formulation is a non-standard approach towards the unified model 
and the formulation is not yet completed but there are several hopeful evidences that 
this approach may play an important role for the unified theory of the fundamental 
interactions. 

Here we list the contents of this summary towards a non-standard approach of 
a unified model on the lattice. 

1. Introduction 

2. Suggestive Known Results towards Unified Model on the Lattice 

2.1 Fermionic Matter on the Lattice 

2.2 Success of Two Dimensional Quantum Gravity on the Lattice 
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2.2.1 Microscopic Description of Two Dimensional Random Surface 

2.2.2 Numerical Results on the Fractal Structure of Two Dimensional Quantum 
Gravity on the Lattice 

2.3 Susskind Fermion — Staggered Fermion — Dirac Kahler Fermion on the Lattice 

2.4 Chern-Simons Gravity and Ponzano-Regge Model 

2.4.1 Chern-Simons Gravity 

2.4.2 Ponzano-Regge Model 

2.5 Four Dimensional Gravity on the Lattice 

3. A Possible Formulation towards Gauge Gravity coupled Matter on the 

Simplicial Lattice Manifold 

3.1 Possible Formulations towards Unified Model on the Lattice 

3.2 Generalized Gauge Theory 

4. Gravity on the Lattice 

4.1 First Step towards the Generalized Chern-Simons Actions on the Lattice 

4.2 Lattice Chern-Simons Gravity 

4.2.1 Gauge Invariance on the Lattice 

4.2.2 Calculation of Partition Function 

4.2.2.1 e integration 

4.2.2.2 U integration 

4.2.3 The Continuum Limit of the Lattice Chern-Simons Gravity 

5. Quantization of Generalized Gauge Theory 

6. Generalized Yang-Mills Theory 

6.1 Generalized Topological Yang-Mills Theory 

6.1.1 Instanton Gauge Fixing of Topological Yang-Mills Model 

6.1.2 Twisted N = 2 Super Yang-Mills Action with Dirac-Kahler Fermions 

6.2 Weinberg-Salam Model from Generalized Gauge Theory 

6.2.1 Generalized Gauge Theory with Dirac-Kahler Fermions 

6.2.2 Weinberg-Salam Model from Generalized Gauge Theory as 
Non-Commutative Geometry Formulation 

7. Possible Scenario and Conjectures for the Unified Model on the Lattice 



3 




Figure 1: Ising spin on the square lattice and dynamically triangulated lattice 

2 Suggestive Known Results towards Unified Model 
on the Lattice 

2.1 Fermionic Matter on the Lattice 

In considering the formulation towards the unified model on the lattice, I will first 
give a very suggestive and simple example to figure out how to find the possible 
model on the lattice. The first example is the two dimensional Ising model. It is 
well known that the Ising model has a second order phase transition point and the 
model leads to a free fermion theory in a flat space at the phase transition point 
in the continuum limit. In this system the lattice is the two dimensional square 
lattice and the matter field is sitting at the sites of the lattice and takes value ±1. 
What is surprising here is that the simple square lattice with the simplest matter 
at the site reproduces the fermionic matter in the continuum limit. It is by now 
established that the Ising spin on the dynamically triangulated lattice reproduces 
the free fermion coupled to a gravitational background in the continuum limit. See 
fig.|T[ This is a very symbolic example that matter fermion is generated via degrees 
of freedom of field sitting on sites and the curved space-time background is generated 
by the dynamically triangulated lattice in the continuum limit. In other words field 
theoretical matter and background gravitational field are essentially reproduced by 
the lattice formulation. 
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It is important to recognize that there is a microscopic formulation to see how 
the fermionic degrees appear at the lattice level@[§]. Let me sketch the formulation. 
The partition function of Ising model is 



a=± <ij> 



(2.1) 



where < ij > is a nearest neighbor pair of sites on a two dimensional square lattice. 
We introduce the so called disorder parameter M 



H x = Y[exp{-2paa'}, 



(2.2) 



where the exponents in the product correspond to the links which are crossed by 
the dashed line starting from the dual site x and ending at — oo. We introduce the 
product of the disorder variable \i x and order variables a x 



•t'2 



X 2 (x) 



(2.3) 
(2.4) 



"T3 



X4 



(2.5) 
(2.6) 



where x\, x 2 , x 3 and x 4 are original sites and surround the dual site x. Here we 
assume that the cr/x variables are always inside some correlation function x a { x ) = 
H>x cr x a ~< ^x&x a ■ ■ ■ >■ Then the effect of the disorder variable is to flip the sign of 
(3aa' in the action along the dashed line. 
There is the following identity: 

a exp{-2/W} = ch(2p)a - sh(2(3)a\ (2.7) 

which combines with the disorder variable \i x and leads to a graphical relation 



ch{2j3) 



sh(2P)- 



(2.8) 



equivalently 



X \x) = ch(2P) X 2 (x - i) - sh(2P) X 3 (x ~ 1), 



(2.9) 



where 1 is a unit vector of 1 direction on the lattice. We can obtain similar relations 
for x 2 (x), x 3 { x ) an d X 4 { x )i where we can use the invariance under a simultaneous 
change of a n — > —cr n and f3aa n — > —(3<j<j n for an arbitrary given site n. 
Redefining x°(2;), 
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^ 3 (x) 



|(x 2 (x) + X 3 (x)), V> 2 (z) = ^(X 1 ^) +X 2 (^)), 



we obtain 
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V> 4 (x -4) 



(2.10) 
(2.11) 



f2.12l 



where the unit vectors are related —3 = 1 and —4 = 2. This can be understood as a 
hopping relation of the ip a fields on the lattice. Under the proper renormalization of 
the ip a fields, the hopping matrix is identified with the inverse propagator of fermion 
fields 0. 

It is important to recognize that the microscopic description of the fields on the 
lattice is reflected to the field theoretic description of fermionic field in the continuum 
limit. 

By now we know that the Ising spin located at sites of a dynamically triangulated 



lattice leads to a fermionic matter coupled to gravity in the continuum limit [r0| [IT] . 
In this case there is also a microscopic description of how fermionic degrees appear 
on the random lattice. Let me briefly sketch the derivation. Here we don't follow 
to the matrix model formulation [p4[] but give more direct derivation. We first note 
the standard observation concerning Ising model: the general configuration of spins 
can be considered as a set of alternating black drops (a — 1) and white bubbles 
(a = —1). The boundaries between drops and bubbles are drawn on the dual graph. 
See fig. . The dual graph includes only three vertex on a dual site and thus 
coincides with Feynmann graphs of </> 3 theory. If we look at particular dual site, a 
boundary line may pass through the site or may not touch at all. 
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Figure 2: Ising spin on a dynamically triangulated lattice 



We can show that the above mentioned property is reproduced by the following 
fermionic action on the lattice |T0| 

Z= [l[d 2 ip(i)ex P (-S), (2.13) 

with the action 

5 = jE#)#)4 E $V)K(iJ)m- (2-14) 

Z i Z <ij> 

We adopt the notation t/>^ = ip a e a/ 3 and the normalization of Grassmann integral 

Jd 2 ^ a ^ = S a(3 . (2.15) 

There are two important properties to be satisfied by the action. (1) The boundary 
line does not possess particular direction thus the fermion must have Majorana 
nature. (2) The back-tracking motion is absent. These properties are satisfied by 
the following constraints: 

(1) $(i)K(i,j)iJ>(j) =$(j)K(j,i)i>(i) (2.16) 

(2) K(i,j)K(j,i) =0. (2.17) 

The Majorana condition (1) can be written in a matrix form: 

<T 2 K(i,j) = -(<r 2 K(j,i)) T , (2.18) 
where (cr 2 ) Q , / 3 = ie a p is the Pauli matrix and T stands for transpose. 

7 



The above two constraints will be satisfied, provided K(i,j) has the form 

K{i,j) = A{ij){l + a x n x {ij) + a 3 n 3 {ij)), (2.19) 

where 

A(ij) = A(ji), n x (ij) = -n x (ji), n 3 (ij) = -n 3 (ji), {n x {ij)f + {n 3 {ij)f = 1. 

(2.20) 

We can then guess a possible strategy how to get a field theory coupled gravity 
on the lattice. The gravitational background is generated by the dynamical tri- 
angulation and the matter fields are generated by the fields on the simplex of the 
simplicial manifold. 

2.2 Success of Two Dimensional Quantum Gravity on the 
Lattice 

As we have seen in the previous section that Ising model on the two dimensional 
square lattice is equivalent to the free fermion theory of the flat space time in the 
continuum limit. On the other hand it is analytically known by now that Ising model 
on the randomly triangulated lattice is equivalent to the free fermion theory coupled 
to the two dimensional gravity [|Tt]] ]TT|. These examples suggest that curved space 
time is generated by the random lattice and the matter fields are induced by some 
degrees of freedom on a simplex: for Ising model ±1 values on the sites (0-simplex). 

In two dimensions the relation between the lattice theory and the corresponding 
continuum field theory were analytically established with the help of conformal field 
theory. The central charge c specifying a matter content of the continuum theory 
is a measure to differentiate different types of matrix models. The equivalence of a 
lattice model and the corresponding matrix model is established and the Liouville 
theory gave complementary understandings to the lattice theories p| H fl2|| . 

In two dimensional quantum gravity conformal dimensions are predicted both 
by lattice models and the corresponding continuum theories and gave the same 
predictions. It is important to measure these physical quantities. Numerically it 
has been confirmed that two dimensional quantum space time coupled to c = — 2 
matter show clear fractal scaling and the fractal dimension is consistent with the 



theoretical value [ |13|1 |L4 | 
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Figure 3: Composition law of cylinder amplitude 

2.2.1 Microscopic Description of Two Dimensional Random Surface 

In general it is highly nontrivial how to relate a microscopic description of lattice the- 
ory and the corresponding continuum theory. In two dimensions it is possible to take 
a continuum limit of lattice theories for some particular cases. It has already been 
established that the matrix model is powerful tool to solve some lattice models in 



two dimensions and the procedure how to get the continuum limit is established|L2 
Here we give an example which has well defined microscopic description of c = 
lattice model and the continuum limit. 

We first derive a transfer matrix of two dimensional random surface on the lattice 
and take the continuum limit and derive the fractal structure of the c = random 
surface, a dynamically triangulated lattice without matter [fU|. 



We consider the cylinder amplitude N(l, I'; r; n) which counts a number of pos- 
sible triangulations of random surface for a shape of cylinder with a entrance loop 
length /, a marked exit loop length I', the geodesic distance of the two loops r and the 
number of triangles n. See fig. |3|. This quantity satisfies the following composition 
law: 

N(l, I"; n + r 2 ; n x + n 2 ) = £ N(l, l'; n; m W, I"; r 2 ; n 2 ). (2.21) 
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Figure 4: 



Figure 5: One step entrance moves 
We define the following quantity by summing up the triangles with a parameter K: 

oo 

N{1, 1', r) = £ K n N(l, I'; r; n) = (N(r)) u ,, (2.22) 

n=0 

which satisfies the following relation 

(iV»V = ((#(!))>■ (2.23) 

We can thus claim that (N(l))u> is the transfer matrix of two dimensional surface. 
We now define the generating function of the transfer matrix by parametrizing y 
and y' for the entrance and exit loop length, respectively 

oo 

N{y,y'-K)= £ y l {y') 1 ' N{l,l'\ 1). (2.24) 
M'=o 

It is surprising to recognize that the generating function of the transfer matrix can 
be obtained by a simple geometric series of the possible one steps 

oo 

N(y, y'; K) = (2yy' 2 K + y 2 y'kF) £ [yy'2K + y 2y'kF + y 2 F + yK(F - l)} n 

n=0 

2yy ,2 K + y 2 y'kF 



1 - yy'2K - y2y'kF - y 2 F - yK[F - 1) ' 



(2.25) 



where F is a disk amplitude derived by Brezin, Itzykson, Parisi and Zuberp6|. The 
term in the parenthesis in the first line of ( |2.25| ) is possible one step forward with 
marked point of the exit loop in the dynamical triangulation while the four terms 
in the square bracket is all the possible steps forward in the entrance loop. See fig.(| 
and H. It is interesting to note that the geometrical structure of the random surface 
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is directly reflected to the analytic expression of the transfer matrix. 

For the c = random surface it is known how to take the continuum limit of 
random surface for the disk amplitude F by |16 |. Here we simply point out that 



the continuum limit of the generating function of the transfer matrix can be taken 
in a well defined way. We can then obtain a continuum expression of the cylinder 
amplitude by solving differential equation. The details of this interesting example 
to obtain the continuum expression from the above lattice transfer matrix can be 
found in [[HJ. By using the continuum cylinder amplitude we can derive interesting 
quantities which have direct relation with the fractal structure of the random surface 
and thus can be measured numerically. 

Let p(L; R)dL be the continuum counterpart of the number of loops belonging 
to the boundary whose lengths lie between L and L + dL. Here L and R are 
continuum counterparts of I and r, respectively. The p(L; R)dL turns out to be a 
scaling function in the continuum limit 

p{L-R)dL = (-^)-l(x- 5 / 2 + ix- 3 / 2 + yX 1 / 2 )exp(-x) (2.26) 

with x = L/R 2 as a scaling parameter. It is very surprising that there is a scal- 
ing function for the quantum gravity. This p(L; R)dL can be compared with the 
numerically measured value. 

2.2.2 Numerical Results on the Fractal Structure of Two Dimensional 
Quantum Gravity on the Lattice 

It is important to ask what could be the observables of quantum gravity, which could 
be numerically measured. We have confirmed the fractal nature of the quantum 



gravity for c = —2 model numerically [|13| , which is the first numerical confirmation 



of the fractal nature of quantum gravity. We have analyzed the following scalar 
fermion models corresponding to c = —2 model: 

S = J2 / II dipidipiexpi- - ~ i>j)} 

T i£T <ij> 

= ]TcfetA(T) 
T 1 

= N — ^T N+1 R N+ i, (2.27) 
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where all the possible triangulation T are summed up. The scalar fermions are 
located on the dynamically triangulated lattice sites and thus A(T) is the lattice 
laplacian for the triangulation T. Tjy+i and Rn+i are the number of tree and rainbow 
diagrams with iV vertices and external lines, respectively. Tree Feynman diagrams 
of (p 3 theory and planar triangulations have one to one correspondence. Here we fix 
the topology of the surface as a sphere and the number of triangles to be N. T n and 
R n satisfy the same Schwinger- Dyson equation: 

n-l 

T n = 2J TkT n _k, (2.28) 
fe=i 

which leads to the solution T n = (2n — 2)!/n!(n — 1)! and R n has the same form. 

Since we know the analytic expression of T n and R n we can reconstruct arbitrary 
triangulation of sphere topology by combining the tree and rainbow diagrams with 
the correct weight. The essential point of the c = —2 model is that it has the very 
simple relation ( |2.27 ) due to the first power of the lattice laplacian. Then T n and R n 
have very simple form and thus numerically huge number of triangulated surfaces 
can be generated. 

We have used the formulation called "recursive sampling method" to generate 
the surface configuration numerically which was initiated by Agistein and Migdal 
for c = model jT7|. We have measured several quantities, in particular the number 
of triangles V(r) within a geodesic distance r parameterized by 

V(r) = < number of triangles within r steps > ~ r 7 . (2.29) 

We have found that the fractal dimension 7 approaches a constant value 7 — > 3.55 
with large iV(— > 5 x 10 6 ). This is the clear sign of the fractal scaling of two dimen- 
sional random surf ace |13[ . See fig.|| 

We have thus numerically confirmed that the fractal structure is the essential 
observable of two dimensional quantum gravity. In these numerical measurements 
we needed huge number of triangles to get saturated value of the fractal dimension. 

Later we have used the formulation of finite size scaling methods applied to 
the quantum gravity and then we obtained very accurate value of the fractal di- 
mension even with relatively smaller number of triangles but with huge number of 
configurations [p~8f . We define the following quantity: 
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1 10 r 100 

Figure 6: Direct measurement of fractal dimension of c = —2 model 

oo 

<L»(r)>=5>p(J l r), (2.30) 
i=i 

where L(r) is the length of boundary loops located at r steps from a marked point 
and p(l, r) is the lattice counterpart of the quantity defined in ( j2.26| ) for a given num- 
ber of triangles N. Finite size scaling formulation of the two dimensional quantum 
gravity predicts the following formula: 

< L"(r) > ~ (Nfl^F n {y) (n > 2) 

y = (Tvy^- < 2 - 31 ' 

where N is the number of triangles and F(y) is a scaling function and y is the scaling 
parameter. As we can see in figs.|7|, the data are beautifully scaling for F 2 , F 3 , F 4 
with various numbers of triangles which are given in figures. 

The numerical result for the fractal dimension of quantum space time coupled 
to c = —2 matter by comparing the above formula with the numerical distributions 
of F's is 

d F = 3.56 ± 0.04. 



On the other hand we gave the theoretical prediction of the fractal dimension of 
two dimensional space time coupled to c matter by Liouville theory fi~4jl 



3.561 (c=-2). 



(2.32) 
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Figure 7: Finite size scaling of F2(y), F^(y) and F^(y) for the number of triangles 
given in figs. 

The numerical result and the theoretical data are perfectly consistent. 

Here we have given an example, c = —2 model, of two dimensional quantum 
gravity which are well understood numerically and analytically. We claim that the 
essence of the two dimensional quantum gravity is the fractal nature of the space 
time. 

2.3 Susskind Fermion — Staggered Fermion — Dirac Kahler 
Fermion on the Lattice 

If we want to put fermions on the lattice, there is the well known chiral fermion 
problem. The problem states that we cannot put chiral fermions on the lattice with 



avoiding species doublers [|19|l . Or otherwise it is stated that the anomaly vanishes 
if we put fermions in a chiral invariant way [[20|l . Wilson's proposal on this respect 
is to introduce non-chiral term in the lattice action and then each species doubler 
except for one gets a mass of order the inverse lattice constant and thus disappear 



in the continuum limit Then the chirality will be recovered and the remaining 
unique species generates the necessary anomaly in the continuum limit. In fact 
there is a clear chiral invariant line on the hopping parameter-coupling constant 
plane where the quak mass and the pion mass vanishes in the Wilson's lattice QCD 
formulation [22[ . 



There is an alternative approach on this problem. The origin of the species 
doublers are related to the simplicial nature of the manifold. Susskind proposed an 
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idea to collect these species doublers to construct Dirac fermionsjf^J. For example 
in four dimensional square lattice there are 2 4 = 16 corners of Brillouin zone in the 
momentum space and each doubler corresponds to a component of the Dirac spinors 
thus leads to four flavor copies of Dirac fermions. 

One of the essential points here is to recognize that the species doublers in 
the configuration space correspond to points located at the center of the sim- 
plexes of the fundamental hyper cube. This is related to do with the fact that the 
Susskind fermion formulation is the flat space version of the Dirac-Kahler fermion 
formulation [Q[^5| which is formulated by differential forms and thus independent 



of the particular choice of lattice shape and thus can be identified as a fermion 
formulation on the simplicial manifold. 

Here we explain this situation by starting from the naive fermion formulation. 
If we naively discretize the Dirac equation on the square lattice we obtain 

Sf = ^ ^ffi^j^x + jl) - ip(x + /})7 m V0e)], (2.33) 

where x denotes the lattice site with integer coordinates Xi,Xz, ■ ■ ■ , Xd in units of 
lattice spacing which is taken to be 1. p, is the unit vector along the /xth direction. 
The 7-matrices satisfy the following Clifford algebra: 

= -25, u , (2.34) 

with the conventions 7^ = — 7^ in ^-dimension. We proposed the following transfor- 
mation which relates the naive fermion formulation and Susskind fermion formula- 
tion [£§: 

if)(x) = A(x) X (x), tf(x) = x(x)A\x), (2.35) 

where 

A{x) — 7i 1 72 2 ' ' 'ld d - (2-36) 
Then the naive fermion formulation of Dirac action leads to 

S f = -\H V^x)[T(x)x a (x + fi)+T(x + fi)x a (x)}, (2.37) 

x,fi,a 



with 



Vli ( x ) = (2.38) 
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This formulation is called staggered fermion formulation in lattice QCD. The 7 
matrices in the naive fermion formulation have now disappeared in the staggered 
fermion formulation. Instead we get C = ^ d l 2 ^ copies of spinors. 

We now consider <i-dimensional hypercube defined on the lattice, with its origin 
at the site 2y and corners 

x,t = 2y fl + r] fl , r}^ = or 1, // = 1, • • • , d. (2.39) 

Thus 77 labels the set of C 2 ^-dimensional vectors which point on the corners of the 
hypercube. We introduce the following notations for the convenience: 

x(2y + v) = (-i) v xM 

X(2y + V ) = (-l)%(y) 

(-1)» = (2.40) 

Then Sf can be written in the following form[p7[|: 

s F = Y.Y\xr,{y)Kv^My) + x„(y)f^<W(y)], (2.41) 

x,fi n,ij' 

where the first and second lattice derivatives are 

A M /(y) = \[f{y + P)-f{y-m 

SJ(y) = \[f(y + A) - 2/(y) + /(y - £)]■ (2.42) 
T' 1 and r M are defined by 

= £ tr 0l,7,JV)> 

f^/ = -tr^^T,,/)^^-^^), (2.43) 

with 

r v = iTir---i7- (2.44) 

Introducing the following notation for the fermionic fields to get rid of the factor of 
trace in ( [2.43 ): 

xv(y) = v^Er-v^y) 

a, a 

XM = VCj2T a (y)^ a , (2.45) 

a, a 
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we obtain the final form of Dirac-Kahler fermion action on the flat space 

S F = 2 d J2[q(y)(l, ® l)A^g(y) + q(y)H ® H^Av)]- (2-46) 

The fermionic part of this action can be interpreted as Susskind fermions while this 
action has bosonic counterparts as well. The bosonic part including second derivative 
is higher order than the fermionic part with respect to the lattice constant. In the 
fermion bilinears the first matrix acts on Greek indices interpreted as Dirac indices, 
the second one on Latin indices interpreted as flavor indices, stands for the matrix 
7* when acting on flavor space, and 75 = 7172 ■ • • 7d- 

2.4 Chern-Simons Gravity and Ponzano-Regge Model 
2.4.1 Chern-Simons Gravity 

In this subsection we explain formulations of three dimensional gravity. We first 
summarize the Chern-Simons gravity formulated by Witten||. We choose the gauge 
group as Euclidean version of three dimensional Poincare group IS 0(3). Then we 
define one form gauge field and zero form gauge parameter as 

V = P a P a + T a J a , 

where e" and are dreibein and spin connection, respectively, and p and r are 
the corresponding gauge parameters. The momentum generator P a and the angular 
momentum generator J a of I SO (3) satisfy 

[J a , Jb] = e abc J c , [J a , P b ] = e abc P c , [P a , P b ] = 0. (2.48) 

Using the invariant quadratic form which is special in three dimensions, we can 
define the inner product 

( Ja, Pb) = Sab, (Ja, Jb) = (Pa, Pb) = 0. (2.49) 

We then obtain Einstein-Hilbert action of three dimensional gravity from Chern- 
Simons action 

J (AdA + ^A 3 ) = J e^e, a F^ p d 3 x, (2.50) 
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where 



FL = <9X - d v ul + e\ c u b y v . (2.51) 



fXU "/Ll~l/ "f w |U 1 DC fl V 

The component wise gauge transformation of 5A^ = —D^v is given by 

<5u;« = —DpT*. 

At this stage it is important to recognize that the local Lorentz transformation is 
generated by the gauge parameter r 



5el = -e ab % lb r c , 



,i i ... 

(2.53) 

while the gauge transformation of diffeomorphism is generated by the gauge param- 
eter p 



8e« = -D„p a , 



Suj" = 0. 

H 1 



(2.54) 



Three dimensional Einstein gravity is thus elegantly formulated by Chern-Simons 
action. This is essentially related to the fact that the three dimensional Einstein 
gravity does not include dynamical graviton and thus can be formulated by the 
topological Chern-Simons action. The equivalence of the above action and Einstein- 
Hilbert action is, however, valid only if the dreibein is invertible. The quantiza- 
tion and perturbative renormalizability around the nonphysical classical background 
= is the natural consequence of the formulation. 

2.4.2 Ponzano-Regge Model 

Ponzano and Regge noticed that angular momenta of 6-j symbol can be identi- 



fied as link lengths of a tetrahedron |28] . In particular they showed the following 
approximate relation: 

" { jIjI jI } ~ 7SF cos ( 5r - + 1) (a " J ' >y 1] ' (2 55) 

where SRegge is the Regge action of Regge calculus for a tetrahedron having 
link length J*, (k — 1 ~ 6) which correspond to the angular momentum of the 
corresponding 6-j symbol and V is the volume of the tetrahedron. 
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Figure 8: tetrahedron with angular momenta on the links 



Based on this observation they proposed the following partition function: 

^pH=a,E n A(A)- i n(2^/+i) n (-^{j j j }■ ( 2 - 56 ) 

°° J< \ vertices edges tetrahedra L ^ ^ ^ J 

Thus the partition function Zpr is the product of the partition function of each 
tetrahedron which reproduces the cosine of the Regge action in contrast with the 
exponential of the Regge action in Regge calculus. There is an argument about 
the origin of the cosine, that right and left handed contributions of the general 
coordinate frames contribute separately and thus the summation of the exponential 
with the different sign factor for the Regge action appears. It is thus natural to 
expect that this action leads to a gravity action. 

Important characteristic of the Ponzano- Regge action is that it has a topological 
nature on a simplicial manifold. The action is invariant under the following 2-3 
and 1-4 Alexander moves. The 2-3 and 1-4 moves are related to the following 6-j 
relations: 



J 7 J 2 KUJ 6 J 9 K 

J% Jg J4 I I Js Jl J5 



J3 J4 J5 I I J3 J4 J5 
Jq Jl J2 I I J9 ^8 Jl 



(2.57) 



and 



E 

Ki 



11(2^ + 1) 



i=l 



(-l)E^A(A)" 





J2 


J.) 


j Ji 


Je 


J2 \ 


{& 


K 2 


K 3 j 
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Figure 9: 2-3 move and 1-4 move 

The geometrical correspondence of 2-3 and 1-4 moves with two tetrahedra into three 
tetrahedra and one tetrahedron into four tetrahedra is obvious from fig.|| In the 
formula of 1-4 move there appears the following infinite sum which is then introduced 
gularization factor in the denominator with a cutoff A: 

A(A) = E (2*2 + l)(2K 3 + 1) 

K 2 ,K 3 <\, 
\K 2 -K 3 \ <J!<K2+K 3 

A 4A 3 
= £(2J+1) 2 ~4- (A -oo). (2.59) 

j=o 6 

It is known that these two Alexander moves reproduce any three dimensional sim- 
plicial manifold. Thus the partition function Zp^ is invariant under the variation of 
metric and is expected to be topological. 

There is a beautiful generalization of this model to avoid the above cut off de- 
pendence by introducing the quantum group formulation gularization by 
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Turaev and Viro|30|. Their proposal triggered number of later investigations for 
three dimensional lattice gravity [01 1 1 32 1 1 33 1 . Turaev, Ooguri-Sasakura and Boula- 



tov suggested the equivalence of the Chern-Simons gravity and the Ponzano-Regge 



model |(Jtni 



In the later section we show that the continuum limit of the lattice Ponzano- 
Regge model leads to the Chern-Simons gravity by explicitly constructing a lattice 
gauge gravity model. 

2.5 Four Dimensional Gravity on the Lattice 

In analogy with the formulation of three dimensional gravity by Chern-Simons action 
and 6-j symbols of the Ponzano-Regge model, it is possible to formulate a four 
dimensional topological gravity by BF theory and 15- j symbols ]3"1| . There are 
variants of the similar four dimensional models developed later |35[] []3£| • 

Ooguri proposed the following model on the four dimensional simplicial manifold 
composed of four dimensional fundamental simplexes: 



ETr-* N4C) Zc, (2.60) 



N 

Q - 1 sym 

where the summation Y^c ls over oriented four dimensional symplicial manifolds, 
and N aym is a symmetric factor and N±(C) is a number of 4-simplexes in C. The 
partition function for a given C is 

z c = Y. n ( 2j *+!) n m n ^ ( 2 - ei ) 

J t: triangles tetrahedra 4-simplexcs 

= EE II (2Ji + l) II j dU T D J ^ T {U T )---D^ T {U T ), (2.62) 
j m,n 4 .triangles T:totrahcd ra 

where the first line is the symbolic presentation of the geometrical nature of the four 
dimensional fundamental simplex which has ten triangles, each of which corresponds 
to 3-j symbol, and ten 3-j symbols lead 15- j symbol, which is analogous to the 
situation where 6 angular momenta were assigned to the links of tetrahedron and 
four triangles of a tetrahedron carry four 3-j symbols which leads to a 6-j symbol in 
three dimensions. By using the orthonormality of the 6-j symbols one can show that 
the results of this summation is independent of the choice of splitting of the vertices 
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and depends only on the structure of the complex C, where extra 6-j symbols are 
necessary to keep this invariance. This is again analogous to the Alexander move 
invariance of the Ponzano-Regge model. 

The second line of eq.( |2.62|) comes from the fact that the 15- j and 6-j symbols 
are written down by 3-j symbols and the products of 3-j symbols can be replaced 
by the products of D functions by using the following relations: 

j DUDt ini (U)Di m( U > DtJU) = ( * * * ) * *) , (2.63) 

f Jl Jl Js 1 /_ 1 sJ2Mi- m i~) ( Jl J<2 Js \ 

\ Ji J 5 Jq J V~ m l ~ m 2 - m 3j 

X ( Jl Js Je )( Ji 3<1 h \{ Ji h h ), (2.64) 
V mi —1^5 fn& J y m-i I y —1TL4 m 5 m 3 / 

where the 3-j symbols carry 777,3 suffices which correspond to the third components 
of the angular momentum Jj. Each tetrahedron T carries a group element Ut, and 
AjT) ' ' ' Ja,t are the spins on the links dual to the four triangles of T. The matrix 
elements D J, s are multiplied around triangles in C . Each triangle t is shared by a 
finite number of tetrahedra; Ti(t),T2(t), ■ ■ ■ ,T nt (t). We can perform the sum over 
the spin- on the link dual to t using the formula 



£(2Jt + l)Tr [D-\U^) ■ ■■D J *{U% t )\ = 5(U% ■ --U^l). (2.65) 

■h 

After carrying out dU integration we obtain the condition that the holonomy around 
the triangle t is trivial, the lattice version of flat connection condition. 

The above result suggests that Z c is related to the partition function of the BF 
model which is defined for an oriented manifold M as 

Z BF = J DB DAexp(i J <B,dA+ [A, A] >), (2.66) 

where A is a connection one-form on the manifold M, while B is a Lie algebra valued 
two- form and <, > is the invariant bilinear form on the Lie algebra. In this so called 



BF action[[Tj]] with F = dA + [A, A], we can consider B as Lagrange multiplier then 
we obtain the flat connection condition which is equivalent to the lattice version 
obtained from eq.(|2.65|). This action is the four dimensional counterpart of the 



Chern-Simons action in the sense that the flat connection condition is the equation 
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of motion. We can thus naively expect that the 15- j model leads to the BF theory 
in the continuum limit. This is similar to the situation that the Ponzano-Regge 
model leads to the Chern-Simons gravity in the continuum limit which we are going 
to show in the later section. 

3 A Possible Formulation towards Gauge Grav- 
ity coupled to Matter on the Simplicial Lattice 
Manifold 

3.1 A Possible Formulation towards Unified Model on the 
Lattice 

From the known results which we have collected in the last subsections, I intend to 
figure out my personal view on what could be the necessary formulation to realize 
the possible formulations towards unified model on the lattice. 

I found that the example of Ising spin on the square lattice and dynamically 
triangulated lattice are the most convincing examples of the following picture: a 
regularized gravitational background can be generated by the dynamical triangula- 
tion and the matter field fermions can be generated by some degrees of freedom of 
fields located on the simplexes of a simplicial manifold. Lattice models of conformal 
field theories give many more varieties of the similar examples where matter central 
charge c takes different values for different type of lattice models. One may wonder 
it would be special case of two dimensional field theory due to the conformal invari- 
ance on the second order phase transition point of two dimensional lattice models. 
I find it is very natural to expect to have the similar mechanism working even in 
higher dimensions. It would be, however, very difficult to solve four dimensional 
lattice models analytically while it was possible to solve two dimensional model 
analytically and derive the corresponding conformal invariant continuum models. 

As we have seen in the analyses of the fractal structure of quantum gravity, 
numerical simulation played an important role. In the two dimensional example 
of c = —2 model theoretical and numerical analyses on the fractal dimension were 
perfectly consistent. Since we don't expect the solvability in higher dimensional 
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lattice gravity models with matter, numerical simulations may play an important 
role again. In considering the present situation, the lattice QCD would be a good 
example to find analogy in the lattice gravity formulation. Lattice QCD is not 
solvable but is perfectly correct formulation of QCD even in non perturbative regime. 
The Lorentz invariance is lost but the gauge invariance was strictly kept in the finite 
lattice regime. 

We need to find a gravitational counterpart of the lattice QCD formulation. In 
three dimensions Chern-Simons gravity is formulated as a gauge theory. It would 
be thus very instructive to find lattice gravity formulation of Chern-Simons gravity. 
As we show in the next section it is possible to formulate the Chern-Simons gravity 
in analogy with Wilson's lattice QCD formulation. What is surprising there is that 
the continuum limit of the Chern-Simons gravity can be considered analytically with 
the help of Ponzano-Regge model. 

We find it is instructive that the three dimensional gravity is formulated by 
gauge theory of one form with Chern-Simons action. If one can formulate a gauge 
theory in terms of forms, the general coordinate invariance is automatic. On the 
other hand it is also very natural to expect that the gravity theory can very well 
be formulated by a gauge theory. If we intend to formulate a lattice gravity theory 
as a gauge theory we need to formulate gauge theory in terms of differential forms. 
Furthermore differential forms have very natural correspondence with simplexes on 
the simplicial manifold. As we can see in fig.ITU] the fields of differential forms are 



naturally put on the simplexes. We thus propose that the generalized gauge theory 
which are formulated by differential forms would be a good candidate to formulate 
lattice gravity theory even with matter fermions, possibly Dirac-Kahler fermions, 
which are also formulated by differential forms p4|| ||25||. 



3.2 Generalized Gauge Theory 

The generalized Chern-Simons actions, which were proposed by the present au- 
thor and Watabiki about ten years ago, is a generalization of the ordinary three- 
dimensional Chern-Simons theory into arbitrary dimensions ||. We summarize the 
results in this section. The essential point of the generalization is to extend a one- 
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Figure 10: Differential forms on the symplices 

form gauge field and zero-form gauge parameter to a quaternion valued generalized 
gauge field and gauge parameter which contain forms of all possible degrees. Cor- 
respondingly the standard gauge symmetry is extended to much higher topological 
symmetry. These generalizations are formulated in such a way that the general- 
ized actions have the same algebraic structure as the ordinary three-dimensional 
Chern-Simons action. 

Since this generalized Chern-Simons action is formulated completely parallel to 
the ordinary gauge theory, the generalization can be extended further to the topolog- 
ical Yang-Mills action and generalized Yang-Mills actions of arbitrary dimensions. 

In the most general form, a generalized gauge field A and a gauge parameter V 
are defined by the following component form: 

A = + + (3.1) 

V = la + ia + jd + kct, (3.2) 

where (ip,a), (i>,6c), (A, a) and (A, a) are direct sums of fermionic odd forms, 
fermionic even forms, bosonic odd forms and bosonic even forms, respectively, and 
they take values on a gauge algebra. The bold face symbols 1, i, j and k satisfy the 
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[Ta,T b ] 


— f c T 




= dip ^7> 







algebra 

1 2 = 1, i 2 = ei l, j 2 = e 2 l, k 2 = - ei e 2 l, 
ij = -ji = k, jk = -kj = -e 2 i, ki = -ik = -ej, 

where (ei, e 2 ) takes the value (—1, —1), (—1, +1), (+1, —1) or (+1, +1). Throughout 
this paper we adopt the convention (ei, e 2 ) = (—1, —1) unless otherwise stated, then 
the above algebra corresponds to the quaternion algebra. The following graded Lie 
algebra can be adopted as a gauge algebra: 



(3.4) 



where all the structure constants are subject to consistency conditions which follow 
from the graded Jacobi identities. If we choose E a = T a especially, this algebra 
reduces to T a T b = k c ah T c which is closed under multiplication. A specific example of 
such algebra is realized by Clifford algebra ||38|| . The components of the gauge field 
A and parameter V are assigned to the elements of the gauge algebra in a specific 
way: 

A = T a A a , i = Tj\ if, = A = S a >, 

(3.5) 

a = T a a a , a = T a a a , a = a = T. a a a . 

An element having the same type of component expansion as A and V belong to 
A_ and A + class, respectively, and these elements fulfill the following Z 2 grading 
structure: 

[A+, A+] G A+, [A+, A_] G A_, {A_, A_} e A+, 

where A + G A + and A_ G A_. The elements of A_ and A + can be regarded as gen- 
eralizations of odd forms and even forms, respectively. In particular the generalized 
exterior derivative which belongs to A_ is given by 

Q = jd, (3.6) 

and the following relations similar to the ordinary differential algebra hold: 

{Q,A_} = QA_, [Q,A + ] = QA + , Q 2 = 0, 
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where A + G A + and A_ G A_. To construct the generalized Chern-Simons actions, 
we need to introduce two kinds of traces 

Tr[T a ,.-.] = 0, Tr[E Q) • • •] = 0, 

Str[T a , ■ • •] = 0, Str{£ a , • • •} = 0, 

where (■ • •) in the commutators or the anticommutators denotes a product of gen- 
erators. In particular (• • •) should include an odd number of S Q 's in the last eq. of 
( |3.7| ) . Tr is the usual trace while Str is the super trace satisfying the above relations. 
These definitions of the traces are crucial to show that the generalized gauge the- 
ory action can be invariant under the generalized gauge transformation presented 
bellow. 

As we have seen in the above the generalized gauge field A and parameter V, 
and the generalized differential operator Q play the same role as the one-form gauge 
field and zero-form gauge parameter and differential operator of the usual gauge 
theory, respectively. We can then construct generalized actions in terms of these 
generalized quantities. We first define a generalized curvature 

T= {Q + A,Q + A} = QA + A 2 . (3.8) 

We can construct generalized actions of Chern-Simons form, topological Yang- 
Mills form and Yang-Mills form. They have the standard forms with respect to the 
generalized quantities 

Sgym = f Tr* (TT) , (3.9) 

JM 

Sgym = f Tr* * F) , 

JM 

where * is generalized Hodge star defined later. The product of the generalized fields 
should be understood as wedge product. The generalized trace Tr* have several 
types: Tr* = Tr q or Tr* = Str q . Tr q (- • •) and Str q (- • •) (q = l,i,j,k) are defined 
so as to pick up only the coefficients of q from (• • •) and take the traces defined by 
eq.( |3.7| ). The reason why we obtain the four different types of action is related to 
the fact that the generalized actions in the trace are quaternion valued and thus 
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we should pick up particular combination in order to keep the generalized gauge 
invariance. 

For example the generalized Chern-Simons action ^AQA + ^A 3 , belongs to A_ 
class and thus possesses the four different component types, the same types as in A 
of ( ft.lQ . For example the k-th component of the generalized Chern-Simons action 
is even dimensional bosonic component and thus the action 

Shea = J m Tr k {^AQA + (3.10) 

is even dimensional bosonic action while j-th component of the generalized Chern- 
Simons action is odd dimensional bosonic component and thus the action 

S° G cs = J M Strj {^AQA + (3.11) 

is odd dimensional bosonic action. It is also possible to obtain fermionic generalized 
Chern-Simons actions by taking 1-th and i-th components. We then need to pick up 
(i-form terms to obtain d dimensional actions defined on a <i-dimensional manifold 
M. We can thus construct any dimensional generalized Chern-Simons actions. 

On the other hand the generalized topological Yang-Mills action JFJF belongs 
to A + class and thus possesses the four different component types, the same types 
as in V of ( |3.2| ). For example the 1-th component of the generalized topological 
Yang-Mills action is even dimensional bosonic component and thus the action 

S G ym= I Stn(^) (3.12) 

JM 

is even dimensional bosonic action. We can similarly construct odd dimensional 
bosonic action by taking i-th component of the generalized topological Yang-Mills 
action. 

Important fact is that these generalized Chern-Simons actions and the topologi- 
cal Yang-Mills actions are invariant under the following generalized gauge transfor- 
mations: 

5A=[Q + A,V], (3.13) 
where V is the generalized gauge parameter defined by eq.(|3.2p. It should be noted 



that this symmetry is much larger than the usual gauge symmetry, in fact topological 
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symmetry, since the gauge parameter V contains as many gauge parameters as gauge 
fields of various forms in A. 

There is another suggestive topological nature due to the parallel construction 
with the standard gauge theory. In ordinary gauge theory the integral for the n-th 
power of the trace of curvature is called Chern character and has topological nature. 
In the generalized gauge theory it is possible to define generalized Chern character 
which is expected to have topological nature related to "generalized index theorem" 

StrxOT 1 ) = Str-^QfWi), (3.14) 
Tr^) = Tr^QlWO, (3.15) 

where f^n-i is the "generalized" Chern-Simons forms. Especially, for n = 2 case 
in fl3.14|) , we obtain the topological Yang-Mills type action of ( |3.12j ) related to the 



generalized Chern-Simons action with one dimension lower on an even-dimensional 
manifold M, 

Str-^ 2 = Strj (q(AQA + ^A 3 )j , (3.16) 

which has the same form of the standard relation. 

In the case of the generalized Yang-Mills action the story is different. In order to 
define the generalized Yang-Mills action we need to define the dual of the generalized 
curvature by defining Hodge star operation which breaks the gauge symmetry of the 
higher forms as will be explained later. Correspondingly the generalized Yang-Mills 
action is not invariant under the generalized gauge transformation ( |3.13j ). If we, 
however, restrict to use the zero form gauge parameter then the action recovers gauge 
invariance. It is, however, important to recognize that the generalized Yang-Mills 
formulation is essentially the general realization of the non-commutative geometry 



formulation of gauge theory a la Connes |39fl . We can thus formulate the Weinberg- 



Salam model by our generalized Yang-Mills action which will be explained later. 

4 Gravity on the Lattice 
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4.1 First Step towards the Generalized Chern-Simons Ac- 
tions on the Lattice 



Here we first show the concrete expressions of generalized Chern-Simons actions in 
two, three and four dimensions. For generalized gauge fields and parameters we 
introduce the following notations: 

A = jA + kA 

= i(u + Q)+k(4> + B + e 1 H) (4.1) 
V = la + ia 

= l{v + e 1 b + V) + i(u + U), (4.2) 

where we have omitted the fermionic gauge fields ip, ip and gauge parameters a, a for 
simplicity. Here zero, one, two, three, four form gauge fields and gauge parameters 
are denoted as (ft, u, B, fl, H and v, u, b, U, V, respectively. 

By substituting eq.( |4.1| ) into Sq CS and Sq CS of eq.( |3.10| ) and eq. ( |3. 1 1| ) and pick- 



ing up two, three and four form part of the action, we can obtain more explicit 
expressions of our generalized Chern-Simons actions in two, three and four dimen- 
sions. 

5 2 = - J Tr{0(rfcu + uo 2 ) + <f) 2 B}, (4.3) 

5 3 = - I §ti{-uoduo + -a/ - 4>(dB + [u, B]) + (p 2 Q}, (4.4) 

5 4 = - J Tr{B(dw + u 2 ) + (f)(dn + {uo, SI}) + (j)B 2 + <j) 2 H}. (4.5) 

These actions are invariant under the following gauge transformations: 

Scj) = [0 )t ,] ; 

5uj = dv + [lu, v] — {(ft, u}, 

5B = du+ {oo, u} + [B, v] + [0, 6], 

5SI = db + [w, b] + [n, v] - {B, u} + {0, U}, 

5H = -dU - {u, U} + {Q, u} + [H, v] + [B, b] + [0, V], (4.6) 

which are obtained by substituting eqs. (f4TT|) and ((4.2[)into the gneralized gauge trans- 
formations (|3.13|) . 
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Equations of motion derived from the actions 5*2, 5*3 and S4 are 



2 = 0, 

dcj) + [u,<f>] = 0, 

duj + to 2 + {(p, B} = 0, 

dB + [u,B] + [Q,(f>] = 0, 

dtt + + B 2 + {(f), H} = 0, (4.7) 

which are component-wise expressions of the vanishing generalized curvature T = 
as equations of motion of the generalized Chern-Simons action, obtained by substi- 
tuting into (pp. 

Classically we have already shown that gravity theories can be formulated by 
using the generalized Chern-Simons actions of two, three and four dimensions. In 
two dimensions SL(2, R) topological gravity formulated by Verlinde and Verlinde [ 10 ] 



can be formulated as a local gauge theory of the generalized Chern-Simons action 



by using Clifford algebra[|38j. In three dimensions the gravity theory formulated by 



generalized Chern-Simons action with three dimensional Super Poincare algebra |41 
leads to the standard Chern-Simons gravity of Einstein-Hilbert action formulated by 
Witten||. Thus classically three dimensional Einstein gravity can be formulated by 
both the standard Chern-Simons action and the generalized Chern-Simons action. In 
four dimensions a topological conformal gravity can be formulated by the generalized 



Chern-Simons action with Conformal algebra[|38]]. In these analyses the zero form 
gauge field, as a classical solution of the equation motion, played a role of "order 
parameter" of gravity phase. In other words the above mentioned gravity theories 
are realized when the zero form part of the classical solution vanishes. 

Classically gravity theories in two, three and four dimensions are formulated by 
the generalized Chern-Simons actions. We have recently shown that the quantization 
of the generalized Chern-Simons actions can be carried out[^3J. It turned out that 
the quantization of the generalized Chern-Simons action is highly nontrivial due to 
the infinite reducibility of the theories. We will briefly explain the formulation of 
the quantization later. We thus know how to quantize the above mentioned gravity 
theories. 
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Since these gravity theories are formulated by the generalized Chern-Simons ac- 
tions we naively expect that we may be able to formulate these gravity theories on the 
simplicial lattice manifold by simply putting n-form gauge fields on the n-simplexes 
of the manifold. The story is not so simple as we show the three dimensional example 
in the following. 

4.2 Lattice Chern-Simons Gravity 

Hereafter we concentrate on the three dimensional gravity since the formulation of 
the three dimensional Einstein gravity is established by the standard Chern-Simons 
action. Firstly it should be noted that the generalized Chern-Simons action includes 
the standard Chern-Simons action as a part of the full action. 

To make the story simpler we consider how to formulate the standard Chern- 
Simons action, which is the part of the generalized Chern-Simons action composed 
of one form only, on the simplicial manifold. 

We consider a three-dimensional piece-wise linear simplicial manifold which is 
composed of tetrahedra. In 3-dimensional Regge calculus it is known that curvature 
is concentrated on the links of tetrahedra[[29[j. We intend to formulate a lattice 
gravity theory in terms of gauge variables, dreibein e and spin connection u. In 
analogy with the lattice gauge theory where link variables surrounding a plaquette 
induce a gauge curvature, We have proposed the formulation that dual link variables 
U(l) = located at the boundary of a dual plaquette P (I e dP(t)) associated to 
an original link I induce the curvature of the gravity theory j|5) j|6| . It was further 
pointed out that the dreibein e a (l) is located on the original link I. In order to 
avoid sign complications we consider a Euclidean version of three-dimensional local 
Lorentz group £0(3) but exclude SU(2) case. Here we explicitly construct a lattice 
Chern-Simons gravity by extending our previous formulation. The details of the 
formulation can be found in ||44j| . 



Here we slightly modify the formulation given above in order that each tetrahe- 
dron gets independent contribution to the partition function and at the same time 
the orientability could be naturally accommodated. We divide the dual link, which 
connects the centers of neighboring tetrahedra, into two links by the center of mass 
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Figure 11: dual link variables on dP 

of the common triangle of the neighboring tetrahedra. We may keep to use the 
terminology of dual plaquette and dual link even for those modified plaquettes and 
links. Correspondingly we put different link variables U for the doubled dual links. 
We then assign the directions of [/-links inward for each tetrahedron as shown in 



Fig{LT 



Using these variables, we consider the following lattice version of 750(3) Chern- 
Simons gravity action on the simplicial manifold, 

i be 



I 



5 L cs = E e ^ ea (0 ln U U \ > (4- 



dP(i) 



where, dP(l) is a boundary of the P(l), which is a (dual) plaquette around the link 

I, and J| U denotes the product of U(l) along dP(l). We define the "curvature" 

dP(i) 

F ab (l) of the link I by the following equation, 

dP(l) 

The leading term of F with respect to the lattice unit is the ordinary curvature 
du + uj A uj similar to the ordinary lattice gauge theory. 
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Classically the Chern-Simons action impose a torsion free condition as an equa- 
tion of motion. The torsion free nature is lost at the quantum level since we integrate 
out the dreibein and spin connection. We now introduce the following vanishing 
holonomy constraint which relates the dreibein and spin connection even at the 
quantum level: 

[Uu] ab e b = e a . (4.10) 

dP(i) 

The dreibein e a associated to a original link may be parallel transported around the 
boundary of the dual plaquette dP(l) to the original location and yet the direction 
of the dreibein should not be changed. We may interpret this constraint as a gauge 
fixing condition of gauge diffeomorphism symmetry which we will explain later. Due 
to the constraint the group 5*0(3) becomes "effectively abelian", i.e. the direction 
of the rotation associated with the curvature is parallel to that of e a . This can be 
seen as follows: we can reduce the above constraint to the following one: 

F ab e b = 0, (4.11) 

hence F a = ^e abc F bc is parallel to e a : e a oc F a . 

Here we should reconsider the constraint ( [1.10| ). Firstly it should be noted 

that the ^ J| C/j is an element of SO(3) and thus the eigenvalue equation of this 

dP(l) 

element always has eigenvalue +1. Thus the number of the independent constraints 
in eq.( f4.10|) is not three but two. Taking into account the parallel and anti-parallel 
nature of e a and F a in the constraint, we can rewrite the correct constraint equation 



e 3 



(4.12) 



3 

where |e| and \F\ are length of e a and F a , respectively. The coefficient factor ^ is 
necessary to keep the rotational invariance of the constraint relation, which can be 
easily checked by polar coordinate expression of the constraint relation. 

Now we show that discreteness of the length of the dreibein |e| comes out as a 
natural consequence of the specific choice of the lattice gauge gravity action. We 
first introduce the following normalized matrix /, 

/ = I a J a , I a = = = , (4.13) 
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here [J a ]b c = itabc is the generator of SO(3). This matrix satisfies the following 
relation, 

e m = 1 -I 2 {I -cos 6) +il sin6, (4.14) 

then 

Using the above relation and F a oc e a by the constraint Q4.10| ), we find that our 
lattice Chern-Simons action (S'lcs nas t ne following ambiguity: 



Slcs = £e a6c e a (0 [lne F « 



be 



£e abc e a (Z) [hie^^ 2 ™' 



/ 



be 



= £[2e a (0Fa(0+47rn|e 

= s L cs + E 47m le(0l, 

here |e| is the length of e a , \e\ = \Je a e a . This ambiguity leads to an ambiguity in 
the partition function 

Z = JvUVee tShCS = J VUVe e iShCS+l ^ 47rnlel . (4.16) 

Imposing the single valuedness of e i5LCS , we obtain the constraint that 2j2|e(J)| 
should be integer, or equivalently \e(l)\ should be half integer. 

4.2.1 Gauge Invariance on the Lattice 

The gauge transformations of the continuum Chern-Simons gravity have been given 
by ( |2.52| ) which includes the local Lorentz gauge transformation ( |2.53| ) and the 
gauge transformation of diffeomorphism ( |2.54|) . We first note that the dreibein and 
the curvature defined in ( |2.51f ) transform adjointly under the local Lorentz gauge 
transformation 

£ a _ _ cdbc ^ 

^[ib 



(4.17) 

We consider that the lattice version of the local Lorentz gauge parameters are 
sitting on the dual sites and the middle of the original links, the same point of the 
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dreibein. For simplicity we consider here in this section that the dual link is not 
divided into two dual links by the center of original triangle. Then the dual link 
variable U(l) = e u ® transforms under the lattice local Lorentz transformation as 

U(J)^V- X U$)V', (4.18) 

where the gauge parameters V and V are elements of SO (3) and located at the end 
points of dual link /. Defining the matrix form of the dreibein by E?f(l) = e abc e afJ- (l), 
we can rewrite the lattice Chern-Simons action Q4.8|) by 



S LCS = J2Mm)F(l)), (4.19) 



/ 

i ah 



where F{l) ab = [in Q u] 

dP(i) 

Corresponding to the continuum local Lorentz transformation, we can define the 
lattice version of local Lorentz transformation of E(l) and F(l) according to ( [4.18 



E(l) -> V- l E(l)V, 
W W ' (4.20) 

F(l) -> V^FtyV. 

It is obvious that the lattice Chern-Simons action (|4.19|) is invariant under the lattice 
local Lorentz transformation. 

The continuum Chern-Simons gravity action is invariant under the gauge trans- 
formation of diffeomorphism ( |2.54j ) which transforms dreibein e a but not spin con- 



nection u?.. We can show that the lattice Chern-Simons action is invariant under the 
lattice version of gauge diffeomorphism by formulating the lattice version of Bianchi 
identity @]. 

We now point out that the constraint (|4.10j ) or equivalently (|4.11|) breaks the 



lattice gauge diffeomorphism while the lattice Chern-Simons action itself is invariant, 
as is shown above. The lattice dreibein is transformed but the lattice curvature is 
not transformed under the lattice gauge transformation of the diffeomorphism. The 
precise expression of the constraint (|4.12|) tells us that the dreibein e a can be rotated 



by using two gauge parameters of the gauge transformation of diffeomorphism to be 
parallel or anti-parallel to the curvature F a . The length of the dreibein is discretized 
and thus the third gauge parameter can be exhausted. In this sense we can identify 
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the equivalent constraint, ( |4.10| ), (|4.11| ), ( [4.1 2| ) as a gauge fixing condition of the 
lattice gauge transformation of diffeomorphism. 



4.2.2 Calculation of Partition Function 

In the previous section we have found that the length of dreibein is discretized to 
half integer for SO(3). Taking into account the discreteness of the dreibein, the 
total partition function leads 



vul[z h 



z, 



IF 



I La=l 
i oo 



\F\ + \e 

J 



a=l 
2ie a F a 



pa 



where Zi is the partition function associated with a link /. 
4.2.2.1 e integration 



e 
I el 



(4.21) 



(4.22) 



Due to the rotational invariance of the constraints, we can take e 3 as the third 
direction of local Lorentz frame without loss of generality. We can then evaluate e a 
integral of Z\ immediately thanks to the delta functions 



d e lei 



pa 



IFK + Nr^ +IFk-l e 



pa ' 



.a=l 



0=1 



1 + e 
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E it / 2 cos(J|F|). 



Using the following formula for the character xj °f the spin- J representation of 
SO {3), 



X.j(e ldaJa ) = XA\0\) 
where | ^ | is the length of 8 a , we find 



sin 



(gJ + l)| 
sin(f) 



(4.23) 



Xj(\F\) ~ XJ-i(\F\) = 2cos(J|F|). 



(4.24) 
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Hence we can naively calculate the link partition function, 

oo y 

z i = H q j2 (xj - XJ-i) 
J=l 8 

1 oo 
8 J=0 

This calculation is not precise, because the summation is not convergent. We need 
to show that there is a regularization procedure which leads to a validity of the 
above calculation after the regularization. 

It is possible to give the similar formulation by using Heat Kernel regularization. 
Then the action leads 

Zi = -W^J + l)x.,e- J{J+1)t . (4.25) 
8 j 

This regularization factor e - J ( J+1 )* breaks the Alexander move invariance of the 
partition function but it will be recovered at the end of the calculation when we 
take the limit t — > 0. 

4.2.2.2 U integration 

After e a integration and dividing the unimportant constant factor Y\i{—l/8), the 
partition function leads 

/oo 
VUI[J2(2J + 1) XJ (^U) e~ J ^\ (4.26) 

l J=0 dP(l) 

where we take t — > limit in the end of calculation. We now carry out DU integra- 
tion of this partition function. Thanks to the character of the partition function, 
DU integration is straightforward. We show that the Ponzano-Regge partition func- 
tion will be reproduced after DU integration with 6-j symbols together with correct 
coefficients and sign factors. 

Before getting into the details we figure out how 6-j symbols appear. The char- 
acter in the partition function is a product of D-function around the boundary of 
dual plaquette associated to a original link. Each tetrahedron has six original links 
and there are two dual links which is a part of a product on the boundary of the dual 
plaquette associated to each original link. In other words three dual links associated 
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to a DU integration thrust into each triangle from the center of the tetrahedron. 
Therefore twelve dual links are associated to a tetrahedron. Each DU integration of 
the product of three D-function reproduces two 3-j symbols, thus we get eight 3-j 
symbols for each tetrahedron. Four out of eight 3-j symbols lead to a 6-j symbol 
and the rest of four 3-j symbols lead to give a trivial factor together with the 3-j 
symbols from the neighboring tetrahedra. 

We first note that the character appearing in the partition function is a product 
of .D-functions 

XA\F\) = X j{ U U )= D J mi m 2 (Ui) D Lm 3 (U2) ■ ■■D J mkmi {U k ) 1 (4.27) 

dP(i) 

where Ui is a dual link variables on the boundary of dual plaquette P(l) associated 
to a link I and rrii is the third component of angular momentum J which is assigned 
to the link I. As we have already pointed out that the direction of Ui for each 
link is defined inward for each tetrahedron. On the other hand the direction of the 
loop composed of the product of dual links associated to the link I can be chosen 
arbitrarily. Therefore some of Ui in the above D-functions are U\. If the original 
link I is a link of a particular tetrahedron, two D-functions out of the above product 
are located inside the tetrahedron. 



We now choose a particular situation which is shown in Fig.|12| The twelve 
D-f unctions associated to this particular tetrahedron are 



l UiU 2 U 3 U4 



J HDU t Dj^iUjD^Ul) ■ D£ m2 (U 2 )D J J 2l2 (u!) 

i=l 

xDf m3 (U 4 )D J J 313 (Ul) ■ Df^U^D^M) 
xD% ms (U,)D% 5ki (Ut) ■ D(l me (U 3 )D'X r M)- 

We pick up the D-functions associated to DU\ integration 

I Vl = (-)^+is-m 3 J DUiD^ mi (Ui)D J ^ i2 _ m2 (Ui)Di\ 3 _ m3 (Ui), (4.28) 

where we have used the following formula to rewrite only with U\ variable: 

DL{U ] ) = LfaiV) = n n ~ m D-n- m (U). (4.29) 
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Figure 12: dual links related to neighboring tetrahedra and the orientability 

We can now use the formula relating the integration of three D-functions and two 
3-j symbols given in ( [2.63D and obtain 



J = f y 2 -m 2 +i 3 - m[i ( h J 2 h I I J\ -h h \ / 4 ggN 

1 \m 1 -m 2 -m 3 J y i x —% 2 — i 3 J ' 

After carrying out DU 2 DU 3 DU 4 integration, we obtain 



i2-m2+i 3 -m 3 ( Jl ^2 J3 \ ( J\ ^2 J3 

\ mi -m 2 -m 3 ) \ % x -i 2 -i 3 



x - 



X 



\jl-rn 4 +j 3 -m 6 ( ^4 ^2 J% \ ( Jl ^2 J& j 

^ -m 4 m 2 -m 6 J \ -j x j 2 -j 3 J 

\fc 3 -mi+fci-m 5 [ Jl J5 J& \ I Jl J5 J§ 

\ -m x -m 5 m 6 j \ -k 3 -k x k 2 

I J4 J5 J 3 \ I J4 J5 J 3 \ 
\m 4 m 5 m 3 \ l 2 l 3 l x j ' 



We now use the formula given in ( f2.64| ) which relates 6-j symbol and four 3-j symbols 
which carry m>i suffices associated to the center of the tetrahedron. We then find 
6-j symbols after DU\DU 2 DU 3 DlJ \ integration 



'(7i U 2 U S U A 



3 



J4 J5 Jq 
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x r\i2+i 3 ( J"* J3 j rya+ji ( J* ^2 ^6 j 
\il -l 2 -«3 / V "Jl J2 -J3 / 

Here we are considering £0(3) case then the third component of the angular 
momentum m 8 is integer and thus we can use the relation (— ) m * = (— ) _mi . We now 
look at the rest of the 3-j symbols in eq.( |4.31|) which carry the suffices i,j, k, I. As 



we can see from Fig. 12 that DU\ integration reproduces two 3-j symbols and one of 
them associated to the suffices is absorbed to reproduce the 6-j symbol and the 
other 3-j symbol carrying the suffices could be combined with another 3-j symbol 
obtained from DU[ integrations of the neighboring tetrahedron. Those 3-j symbols 
are associated to the boundary triangle of the two neighboring tetrahedra carrying 



suffix if,. In this particular case of Fig. 12 we obtain the following two 3-j symbols 



jb _ ( _y 1+ i 2+is ( J\ J% J 3 \ Ji J2 J3 \ 

1 4v U -v U -W' 

Since the three angular momentum vectors Ji, J2, J3 construct the boundary trian- 
gle, the third components satisfy the relation i\ — i 2 — 13 = 0. Using the following 
formula: 

V ( Jl h h )( Jl h h )= 1, (4.32) 

and noting (— ) l i+*2+«3 = ^_yi-»2-*3 = 1 for £0(3) case, these two 3-j symbols lead 
to a trivial factor. Thus all the terms together lead to the Ponzano-Regge partition 
function. 

4.2.3 The Continuum Limit of the Lattice Chern-Simons Gravity 

We have explicitly shown that the partition function of the ISO(3) lattice Chern- 
Simons action exactly coincides with the Ponzano-Regge model after the integration 
of the dreibein and the dual link variables. The discreteness of the length of the 
dreibein is the natural consequence of the logarithm form in the lattice Chern-Simons 
action. On the simplicial lattice manifold constructed from tetrahedra, the drei beins 
are located on the original links while the lattice version of the spin connection, the 
dual link variables are located on the dual links. 
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Since the Ponzano-Regge model is invariant under the 2-3 and 1-4 Alexander 
moves, the partition function is invariant under how the three dimensional space is 
divided into small pieces by tetrahedra. It is natural to expect that the partition 
function is invariant in the continuum limit and thus the lattice Chern-Simons action 
leads to the continuum Chern-Simons action. 

In the I SO (3) lattice Chern-Simons action there are 6 gauge parameters. Two 
gauge parameters of the lattice gauge diffeomorphism can be used to rotate the 
dreibein e a to be parallel or anti-parallel to the curvature F a and the remaining 
one gauge parameter of the lattice gauge diffeomorphism can be exhausted to make 
the length of the dreibein discrete. There remain three gauge parameters of the 
lattice local Lorentz gauge symmetry, which are expected to convert into the three 
vector parameters of general coordinate diffeomorphism symmetry. There are two 
reasons to expect this scenario. Firstly the lattice action coincides with the Ponzano- 
Regge model which is Alexander move invariant and is thus expected to be metric 
independent. In fact the lattice Chern-Simons action in the continuum limit is 
metric independent since it is composed of one form. Secondly the general coordinate 
transformation of diffeomorphism and the local Lorentz transformation are on shell 
equivalent in the continuum ISO(3) Chern-Simons gravity 0. 

It is interesting to recognize that the drei bein and spin connection are located 
on the original and dual links, respectively. This geometrical dual nature will be the 
reflection of the algebraic dual nature of the ISO (3) Chern-Simons gravity where 
the abelian momentum generators P a and the angular momentum generator J a are 



algebraically dual to each other [42 



5 Quantization of Generalized Gauge Theory 

Since the generalized gauge theory has nontrivial algebraic structures, we need to 
understand the origin of these algebras. For example the quaternion structure plays 
a very crucial role to treat the generalized fields and parameters in a uniform way. 
We expected that the quaternion structure will be essentially related with the al- 
gebraic structure of the quantization of the theories. This expectation has turned 
out to be true. We found several other interesting features of the generalized gauge 
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theory in the quantization procedure. Here in this section we briefly summarize how 



to quantize the generalized Chern-Simons action|43|]. In particular we concentrate 
on the quantization of even dimensional generalized Chern-Simons actions. To be 
concrete for the notations we focus on the four dimensional case here. The details 



of the quantization of two dimensional model is given in [43]. The extension to odd 



dimensions goes quite parallel to the even dimensional case. 

We consider to quantize the even dimensional generalized Chern-Simons action 

S e GCS = J m Tr k (IaqA + , (5.1) 

where the explicit component wise notations for the classical gauge fields and gauge 
parameters are given in (4.1) and ( |4.2| ). 

An important characteristic of the generalized Chern-Simons action is the infinite 
reducibility of the action which can be stated as follows. We extend the generalized 
gauge field and parameter to accommodate the ghost and the ghost for ghost • • • as 

V 2 „ = j {u 2n + U 2n ) + k (v 2n + b 2n + V 2n ) e A_, (5.2) 
V 2n +i = 1 (v 2n+1 + b 2n+1 + V 2n+1 ) - i (u 2n+1 + U 2n+1 ) e A+, (5.3) 

71 = 0,1,2,-.., 

where Vo = A and V\ = V and the parameters with n (> 1) correspond the n-th 
reducibility parameters. The infinite reducibility of the generalized Chern-Simons 
actions can be seen by the transformation of V n 

5V n = (-) n [Q + A, V n+1 ] H « + i, n = 0,1,2,- •• (5.4) 

which satisfies the on-shell relation 



-5V n 



5(SV n ) = 5V n 

= 0, (5.5) 



where we have used the equation of motion of generalized Chern-Simons action. In 
the above equations, [ , ](_)« is a commutator for odd n and an anticommutator for 
even n. Since the transformation ( |5.4[ ) for n = represents the gauge transformation, 
eq.(|5.5|) implies that the gauge transformation is infinitely reducible. 
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In order to quantize this kind of system we need to introduce infinite series of 
ghosts as generalized fields 

C n , C n ^, ^yCn/^v; T^jCn^j/p? — Cnpvpa , (5-6) 

n = 0,±l,±2,---,±oo, 

where the index n indicates the ghost number of the fields and the fields with even 
(odd) ghost number are bosonic (fermionic). The fields with ghost number are the 
classical fields 

C*0 = 0; C(j^ = (dp, Co^v = Bp U) Cq^up = Qpupj Copvpu = H pupa- 

Then we redefine a generalized gauge field 

A = lip + + }A + kA G A_, (5.7) 

OO J 

^ = ( C 2n+i^dx^ + — ] C 2 n+inv P dx^ A dx u A c/x p ) , 

n=— oo 



°° 1 1 

^ = Z (C 2 n+i + ^j^n+i^d^ A fix 1 " + —^C 2n +i l ivpadx^ A dx 17 A dx p A <ix ff J , 

n=— oo 

oo j 

^ = Z (ptowdn" + ^ C 2npu P dx p A dx^ A dx p ) , 

n=— oo 

°° 1 1 

^ = Z (Can + ^C 2n ^dx^ A dx^ + ■^C 2n , JU , piT dx' i A dx u A dx p A dx° 



4! 

where we have explicitly shown the differential form dependence. 

Using the above definitions of generalized gauge fields, we define the following 
extended generalized action which has the same form as the original one 

Smin = J Tr° k {^-AQA + ^A 3 ^j , (5.8) 

where the upper index on Tr indicates to pick up only the part with ghost number 
0. We can then show that this action satisfies the master equation of antibracket 
formalism a la Batalin and Vilkoviskyf4"7|j. 

In the construction of Batalin and Vilkovisky, ghosts, ghosts for ghosts- • • and the 
corresponding antifields are introduced according to the reducibility of the theory. 
We denote a minimal set of fields by & A which include classical fields and ghost 
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fields, and the corresponding antifields by Q* A . If a field has ghost number n, its 
antifield has ghost number —n — 1. Then a minimal action is obtained by solving 
the master equation 

{S min {<£>,<£>*),S min (<£>,®*)) = 0, (5.9) 

d I xd^_d I ^d^_ 

with the boundary conditions 



dS n 



n=0 = ZZ + ^ + \ n = 0,1,2,..-, (5.12) 



where So is the classical action and Z°™ $ ari+1 represents the n-th reducibility trans- 
formation where the reducibility parameters are replaced by the corresponding ghost 
fields. 

The BRST transformation and the nilpotency of the transformation can be shown 
by using generalized fields 

5 X A = sAX = -f iA, 
s 2 AX 2 X 1 = 5\ 2 5\ 1 A = -[ Q + A , f ]A 2 Ai = 0, 

where the last relation holds due to the generalized Bianchi identity. We can then 
show that S min satisfies the master equation 



where ( , ) is the original antibracket defined by ( |5.9|) with the following identifica- 
tions of antifields: 

pUpafi 1 pUpafi 

^>-2n+lpupa — ^2(n-l) > ^-2npupa — ^2n-l> 

1 1 

_ pupa f~i (~~iP<* __ pupa f~i riV* 

2j e ^-2n+lupa — L/ 2(n-l)' gj 6 ^-2nupa — ^2n-li 

1 pvpa/-i _ (~ipv* 1 pupa/~i _ /-ipv* ir in\ 

— 6 0_2n+lpcr — — ^ 2 (n-l)' ^-2np<r — — <^2n-l; ^0.13j 

pupa /~i ft pup* pupa ft /~ipvp* 

c 0_2 n +l<r — ( -'2(n-l)' C °-2n<7 — Wra-l) 

pupa ft _ sypupa* pupa ft fipvpa* 

t 0_2n+l — ^2(n-l)' C ( - y -2n — ~ <^2n-l ■ 
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In order to fix gauge completely we need to introduce the non-minimal action 
with the proper choice of gauge fermion. We can then eliminate the antifields via 
the chosen gauge fermion. We just mention here that all these procedures can be 
completed properly We can thus complete the quantization of the generalized 



Chern- Simons action in even dimensions. 

6 Generalized Yang-Mills Theory 

Interesting applications of the generalized gauge theory would be to find the realistic 
correspondence with the known formulations. Needless to say that the Yang-Mills 
action has been playing a crucial role to describe the three out of four fundamental 
forces of our nature and may play again an important role in describing unified 
theory of all the four fundamental forces including gravity. 

Here in this section we concretely show that the generalized Yang-Mills ac- 
tion is fundamentally related to the super symmetry and interpretation of matter 
fermions [[4lfl and non-commutative geometry formulation of gauge theory [p^j . 

6.1 Generalized Topological Yang-Mills Theory 

In this subsection we analyze the two dimensional version of the generalized topo- 
logical Yang-Mills action and show that the instanton gauge fixing of the generalized 
topological Yang-Mills action leads to a N = 2 super Yang-Mills theory together 
with the twisting procedure. In four dimensions Witten showed that a topological 
gauge theory having N = 2 super symmetry leads to the N = 2 super Yang-Mills 



theory with the twisting procedure [5C]. Later it has been pointed out that the 
N = 2 super Yang- Mills theory with the twisting procedure can be derived from the 
topological Yang-Mills action with instanton gauge fixing [pi] . This subject has been 
intensively investigated in particular the twisting mechanism has been cleared 
up in two dimensions with the help of super conformal field theory [T 



Our formulation of this section |48| is the two dimensional realization of the known 



four dimensional scenario and can be extended to arbitrary dimensions. 

To make the formulation concrete and simpler we specify to the two dimen- 
sional case. As we have already mentioned that the action we consider satisfies the 



46 



following well known relation: 

J m Str-^ 2 = J m Str-L (q(A QA + ^) J , (6.1) 

where Aq and To are the two dimensional counter part of the generalized classical 
gauge field and curvature. More explicitly they are given by 



A = jo; + k(0 + Bj gA_, (6.2) 
To = QAq + Al (6.3) 
= -l(duj + uo 2 + {(J),B} + <f) 2 ) +i(d<f)+ [u,<f>]) GA+. (6.4) 



Due to the topological nature of the action, i.e., the action vanishes identically 
if the two dimensional manifold M does not have boundary, the action has so called 
shift symmetry. In other words the action is invariant under the gauge transforma- 
tion of an arbitrary function Sq. Thus the gauge transformation of the generalized 
topological Yang-Mills action has the following form: 

5A =[Q + A 0l V }+£ , (6.5) 

where Vo is the generalized gauge parameter 

V = l(v + b) +iu GA+, (6.6) 

while So is a new gauge parameter of the shift symmetry and is given by 

£o=j£ (1) + k(£ (0) +£ {2) ) G A_, (6.7) 

where £ (0) ,£ (1) and £< 2 ) are zero-, one- and two form bosonic gauge parameters, 
respectively. At this stage the readers may wonder why we should keep the original 
gauge transformation in the gauge transformation of Aq in ( |6T5| ) since the gauge 
parameter of the shift symmetry Sq is an arbitrary function and could absorb the 
change of the original gauge transformation. It will turn out later that both of 
the shift symmetry and the original symmetry are essential to induce N = 2 super 
symmetry with matter fermions via twisting procedure. 

The generalized topological action has the following obvious reducibility: 

V = Vi, 

(6.8) 

£ = -[Q + Ao,Vi]. 
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Thus this system is a first stage reducible system in the terminology of Batalin and 
Vilkovisky. Correspondingly we need to introduce ghost fields and C^> with 
respect to the gauge parameters Vo and Sq, and ghost for ghost field rf n ^ with respect 
to Vi , respectively. Here the suffix (n) with n — 0, 1, 2 denotes the form degree. 
We then redefine the generalized gauge field by introducing the ghost field 

A = + i(C (0) + C (2) ) +jcu + k(0 + 5) gA_. (6.9) 

We need to introduce another generalized field to accommodate the ghost of the 
shift symmetry and ghost for ghost rj ^ 

C = 1 (V°) + V W) + i77 (1) + j (<5 (0) + C™) + kC ( V G A+. (6. 10) 

Here C belongs A + and could be identified as a part of generalized curvature later. 

Furthermore we extend the differential operator Q by introducing the BRST 
operator s as a fermionic zero-form 

Q = Q + Q B =jd + is, GA_. (6.11) 

It should be noted that s commutes with d, i.e. [d, s] = and s 2 = 0. This operator 
satisfies the nilpotency property because of quaternionic structures 

Q 2 = 0. (6.12) 

The following graded Leibnitz rule acting on generalized gauge fields A,B£ A± can 
be derived: 

Q(AB) = (QA)B + (-)\ A U(QB) : (6.13) 

where \A\ = for A G A + and |^l| = 1 for A G A_. 

We can now define the generalized curvature by using the redefined gauge field 

T = QA + A 2 

= ^o + C, (6.14) 

where the second relation is imposed to relate the BRST transformation of the 
components fields. The nilpotency of the BRST transformation is assured by the 
Bianchi identity of the generalized field 

QT + [A, T\ = 0. (6.15) 
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The component wise expressions of BRST transformation can be read from ( |6.14| ) 
and ( |6.15| ). 



6.1.1 Instanton Gauge Fixing of Topological Yang-Mills Model 

We next introduce a particular model to carry out explicit analyses. In particular 
we choose the Clifford algebra as a graded Lie algebra, which closes under the 
multiplication and is simplest nontrivial example. More specifically we take the 
following two dimensional antihermitian Euclidean Clifford algebra: 

(6.16) 



7°, 



1 



where 7° = (icr 1 , ia 2 ), which satisfy {7 a ,7 6 } = —25 ab and 75 = -e a b1 a ^ b = "-'< cr 



Sab _ . _ _„'„3 

2 

with £12 = 1. A grading generator can be identified by 75 and then we define the 



super trace 

Str(---)=Tr( 75 ---). 
The two dimensional generalized topological Yang-Mills action leads 

So = \l Str^, 

l JM 

= [ d 2 x(e^F^\cf>\ 2 + E^E a \D^) a {D v <i)) b ) 

JM v ' 

= [ d 2 xe^dj2uM 2 + e^advfo), (6.17) 

where the scalar part of the one-form field uj^ s and the two form field B aixv do not 
appear in the action. It can be seen from the above relation that the square of the 
generalized curvature is related to the one dimensional generalized Chern-Simons 
action with the particular choice of the graded Lie algebra. 

We can now find out a two dimensional instanton relation of our generalized 
topological Yang-Mills action by imposing self- (anti-self-) dual condition 

*f = ±f . (6.18) 

In the present model we take the following duality relation for the gauge algebra 
and the quaternions 

* 1 = -75, *7 a = -e a 6 7 6 , *7 5 = -1, 
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*1 = 1, *i = -i. (6.19) 

We can then find the following minimal condition of the action leading to instanton 
relations: 



±i J StrjJFo A T + l - J Strj T A *T 
1 t 

- J Strj ( T ± *^ ) A * ( To ± *^ ) 



= / d 2 x((\e^F, v ± |0| 2 )(ie^ ± |0| 2 ) 

+\{{D^) a ± e/ ea 6 (^0) 6 ) ((D^r ± eV a c(^0)j) • (6.20) 

Then the instanton condition is the absolute minima of the generalized Yang-Mills 
action 

\^F, V - |0| 2 = 0, (6.21) 
= \((D»<P) a ~ t^e a \D u< P) b ) = 0. (6.22) 

We now derive the gauge fixed action with instanton relations as gauge fixing 
conditions together with the following Landau type gauge fixing condition for the 
one form gauge field and the ghost of the shift symmetry: 

= 0, = 0. (6.23) 

We introduce a set of antighost fields A, x^a, V and C, and Lagrange multipliers, 
7f, n^a, p and 7r. These fields obey the standard BRST subalgebra 

s\ — 7T, sir = 0, 

SXfia = TT^ta, S^fia = 0, ^ 

sfj = p, sp = 0, 

SC = 7T, S7T = 0, 

where anti-self-dual field x^a obeys the condition e^eJ'Xvb = ~X^a and 7r Ma also 
obeys the similar condition. 
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We then obtain BRST invariant gauge fixed action 

Sg-f = So + sJ rf 2 x| + X^F^ - |0| 2 - f3n) - X ,a{(D^) a ^ - a^ a ) 



+r)d,C^ + Cd.uo 



i-i 



S + J d 2 xL(d^) + p(d^) 

-n^((D^) a ^ - a^ a ) + - |0| 2 - (3n 

+(d,C)(d»C + C») - x,a(D»C) a - \eTdJC v - dflV-q 
+2 XlM e ah {D^) h C - 2 Xfia e ab Cy b - 2\<t> a C a ), (6.25) 



where a and (3 are arbitrary parameters. In the second line of ( |6.25|) BRST trans- 



formations of the component fields from Q6.24J) , (|6.14|) and ( |6.15| ) are used. 



6.1.2 Twisted N = 2 Super Yang-Mills Action with Dirac- Kahler Fermions 

We now modify the gauge fixed action S g _{ of ( |6.25| ) by adding BRST exact terms 
and making the action Hermite and taking the particular choice of the parameters 
a and j3 

S = J d 2 x ( + l -F^ + (D^UD^y + |0| 4 
+ipd fM C» - iXe^d,C u 

-2ipe ah 4> a C b - 2i\<p a C a - 2i X ^ ab C^ b 



—/ v X»aX» a r) + 2trJe ab C a C b + Af} V W). (6.26) 

It is easy to see that the kinetic terms of 4> a , C^, p, A, x^a and C a are nondegenerate 
while that of uo^ is degenerate. Indeed this action is invariant under the following 
50(2) gauge transformations with a gauge parameter v , 

5gau g c(0a,C , a ,x M a) = 2ve a b (<f) b ,C b ,x t ib), (6.27) 
Sg^geiC/j,, T), X, p, rf) = 0. 
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We claim that this action possesses BRST symmetry and N = 2 twisted su- 
per algebra up to the above gauge symmetry. The algebra will be summarized 
for fermionic family of scalar BRST generator s and the vector and pseudo-scalar 
counterpart s M and s as follows: 

s 2 = iS sanser) , (6.28) 

{s, s^} = 2id^ - 2^ gaugeav (6.29) 

{s^,s u } = -2^5 gaugc -, (6.30) 

{s,s^} = -2ie ll u d u + 2i5 gausce ^, (6.31) 

{s, s} = 2i5 gaugCTI , (6.32) 

{s,s} = 0. (6.33) 

The more detailed confirmation of the component wise expressions for the twisted 
N = 2 super algebra is given in ([35]). 

In this formulation we find out very interesting and nontrivial correspondence. 
We point out that the fermionic fields corresponding to ghosts and Lagrange mul- 
tipliers can be interpreted as Dirac-Kahler fermion fields and thus the twisting pro- 
cedure is nothing but the Dirac-Kahler interpretation of fermionic fields appearing 
in the quantization procedure. 

The kinetic terms of multiplet (p, C^, A) and (C a , Xna) i n the action fl6.26| ) can 
be expressed as 

S = J d 2 x{ipd^& - iXe^d^Cv - ix^d^Ca) 

d 2 xTr V<^ + zxV^x) , (6.34) 
where the Dirac-Kahler fields ip and \ are given by 

X = \(~Ca=i + X»a=lY - C a=2l5 ). (6.35) 

The final expression of the twisted N = 2 super Yang-Mills action with Dirac- 
Kahler fermions is 



S = J d 2 x( + l -F^F^ + (D^UD^ + 
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2 M 2 M 

+ Tr(^V<9^) 



+ Tr(*xV^x) + 2^Tr(xVx7 5 ) 

- 4i0iTr(^ t 7 5 x) + 4i0 2 Tr(^ t 75X75) 

- iv^Tr^Tsx) +iv / 2STV( x t X75) 



+ 2(A 2 -B 2 )|0| 2 ), 



(6.36) 



where we denote 77 = -75(^4 + 5) and rj 



2V2 



1 



(A — B). It should be noted that 



the gauge transformation on Dirac-Kahler field x can be recognized as 5*0(2) flavor 
group. 

As we have seen in the formulation, the fermionic fields appearing in the quanti- 
zation procedure such as ghosts and lagrange multiplier turns into the Dirac-Kahler 
matter fermion. It would be important to confirm algebraically that the Dirac- 
Kahler fermions transform as spinor fields and posses half integer spin unlike the 
ghost fields. 

Usually N = 2 super algebra includes the generator R corresponding to a con- 
served current associated with /^-symmetry The procedure of the topological 
twist is related with the redefinition of the stress tensor T^ v . We can define new 
stress tensor T' by the following relation without spoiling current conservation law 



This modification of the stress tensor leads to a redefinition of the Lorentz rotation 
generator J 



This rotation group is interpreted as the diagonal subgroup of 5*0(2) x 50(2)/. In 
other words the topological twist is essentially achieved by identifying spinor and 
isospinor indices. 

In the present model we can identify the transformation of the /^-symmetry is 
the transformation of the flavor symmetry for the Dirac-Kahler fermion fields 



of R, 



+ e w d p R v + e vp d p R l 



(6.37) 



J' = J + R. 



(6.38) 





(6.39) 
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Then the Lorentz transformation induced by the generator J' is 



h^ = -\[l^i (6.40) 

while the Lorentz transformation of J is 

Sjij) = ~y 5 ip. (6.41) 

We can obtain the same relations for \. This implies that Dirac-Kahler fermion 
fields exactly transform as spinors and carry spin one half. 

6.2 Weinberg-Salam Model from Generalized Gauge The- 
ory 

Connes has pointed out that the Weinberg-Salam model can be formulated as a 
particular case of the noncommutative geometry formulation of a gauge theory P9"f. 
Roughly speaking his idea is the following. Consider a manifold which is composed 
of a direct product of discrete two points and four dimensional flat space and define 
a connection and differential operator on this manifold. Due to the discrete nature 
of the two points the differential operator can be represented by two by two matrix. 
Thus the connection or equivalently the gauge field is now represented by two by two 
matrix and thus possesses diagonal and off-diagonal components. Then the weak 
and electromagnetic one form gauge fields are assigned to the diagonal component 
while the zero form Higgs fields are assigned to the off-diagonal components. Then 
the spontaneously broken Weinberg-Salam model comes out naturally from the pure 



Yang-Mills action by taking the group SU(2) x C/(l) [g9| [ 54 1 



6.2.1 Generalized Gauge Theory with Dirac-Kahler Fermions 

In this subsection we show that the two by two matrix representation of the gauge 
fields are easily accommodated by the quaternions of the generalized gauge field 
since the quaternion algebra can be represented by two by two matrices. We can, 
however, point out that our generalized gauge theory is more general formulation 
as noncommutative geometry since it includes not only zero and one form of gauge 



fields but also all the possible form degrees of gauge fields [49 
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In formulating generalized Yang-Mills action we need to define the inner product 
to construct the action. In the sense of the generalized topological Yang-Mills theory 
the inner product has been defined by the naive wedge product. Here we intend to 
incorporate fermionic form degrees of freedom in accordance with the generalized 
gauge field. We then formulate the fermionic form degrees by Dirac-Kahler fermion 
formulation to generate matter fermions. We thus need to define a new inner product 
to accommodate both the generalized gauge fields and Dirac-Kahler fields. 

We keep to use the generalized gauge field and parameter as defined above in 
( f4.1|) and (|4.2| ). In addition we introduce fermionic matter generalized field 

if, = ixjj + g A_ 

^ = f + g6A + , (6.42) 

where ip an d ip fermionic odd forms while ip and ip are fermionic even forms. We 
now extend the generalized differential operator Q = jd into 

V=jd + km, (6.43) 

where m is a bosonic constant matrix. In this subsection we consider the formulation 
only in four dimensions. It is straightforward to generalize the formulation into 
arbitrary even dimensions. 

This differential operator has the following grading structure: 

VA = { V, A}, A G A_, (6.44) 

VV=[V, V], V e A+. (6.45) 

The graded Leibniz rule can be easily checked, but the nilpotency is not satisfied in 
general: T> 2 = —lm 2 . The gauge transformation of the generalized curvature has 
extra factor due to the non-nilpotency of the differential operator 

SJ- = [ JF, V ] + [ V 2 , V ] 

= [T, V ] - [ m 2 , V ]. (6.46) 

In order to define generalized Yang-Mills action with Dirac-Kahler fermions as 
matter we introduce the notion of Clifford product or simply cup product V which 
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was introduced by Kahler and should be differentiated from the wedge product 



A |24 ] [£2] • We consider an element u which is the direct sum of forms 

1 



where m < d with d as spacetime dimension. 
We then define the linear operator e^, 

m— 1 

= E -Uwi-^dx 1 * 1 A ■ ■ • A cb^, (6.48) 
p=o P- 

which is understood as a differentiation of the polynomial of differential form with 
respect to dx^. In particular it has the role of contracting operator as 

e^dx* 1 A dx a2 A dx° 3 A dx a4 A • • • 

= g^i" 2 A dx" 3 A dx Q4 A g* 2 dx ai A dx" 3 A di Q4 A - • ■ 

+ g^dx ai A dx Q2 A dx aA A g^ 4 dx ai A cte" 2 A dx° 3 A ■ • • + ■ • -(.6.49) 

We further define sign operators r] and £ which generate the following sign factors: 

p(p—l) 

(u p = ( p Up = (-l)^ - Up 

V up = (-l) p u p , (6.50) 

where u p is a p-form variable. 

We can now define the cup (Clifford) product of u and v 

m 2 

u v v = E ^C P iY(e w • ■ • e, p u)} Ae" 1 - e"*v, (6.51) 
p=o P- 



where v has the similar form as u in ( |6.47|) . The sign factor ( p and the operator if 



are necessary to confirm the associativity of the cup product 

[u Vv) Vffl = u V (v Vw). (6.52) 
We introduce the generalized Yang-Mills action 

S G = J Tr[^ V (V + -4)?/> + J 7 V ^! * 1 (6.53) 
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where * is Hodge star operator and in particular *1 = yfg^e aiCl2Cl3ClA dx ai A dx a2 A 
dx° 3 A dx ai in four dimensions with g as the metric determinant. The simbol 1 
denotes to pick up the coefficient of 1 for the quaternion expansion in the trace. 
We then define the generalized gauge parameter 

V = lv, (6.54) 

where v is 0-form gauge parameter and thus V G A + . This has a clear contrast with 
the generalized gauge parameter of generalized Chern-Simons formulation where all 
the degrees of differential forms were introduced. 

We now claim that the generalized Yang-Mills action with Dirac-Kahler matter 
fermion is gauge invariant under the following gauge transformation: 

6A = [D + A,V) y , 
5-0 = -Wf 

Stf = ^ V V, (6.55) 

where we have used the notation [A, B]y = A\/ B — B\/ A. Here we should mention 
that in the quaternion algebra we should choose the sign choice (€1,62) = (1, 1) to 
prove the generalized gauge invariance of the generalized Yang-Mills action (|6.53| ). 

6.2.2 Weinberg-Salam Model from Generalized Gauge Theory as Non- 
Commutative Geometry Formulation 

In the formulation of previous subsection we have introduced all the degrees of 
differential forms but only zero form for the generalized gauge parameter. The 
reason why we have introduced only zero form gauge parameter is that the action is 
not gauge invariant under the higher form gauge parameters. Hereafter we introduce 
only zero form and one form gauge fields for the generalized gauge field and do not 
consider the Dirac-Kahler fermionic matter for simplicity. 

We take the algebra of super group 577(2 |1) as the graded Lie algebra. S77(2|l) 
generators can be represented by 3 x 3 matrices ]54j 
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'o 











0^ 
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v o 


°J 




v o 


°J 




1° 


1 






I 1 





°) 



where Oj's are Pauli matrices. They satisfy the following graded Lie algebra: 

[ Tj, 7} ] = ie^T*, [ Y, Tj ] = 0, 
[T±, E±]=0, [T±, £ T ] = ^=£ ± , 



[ T ± , E' ± ] = 0, [ T±, £' 



v/2 



I, 



±-E±, 
2 



[ T 3 , S ± 

[ y s ± ] = -e ± , 

E ± } = { E ± , E T } = 0, 



±-s+, 

2 



{ s' ± , s' ± } = { s' ± , s; } = o, 



{ E ± , E' ± } = V2T ± , {E±, E / T } = ±T 3 + -y, 



with 7± = ^=(Ti±«T 2 ). T 3 , Y correspond to a generator of a weak isospin and a weak 
hypercharge, respectively. This algebra contains SU(2) x C/(l)y in the even graded 
parts Tj, y, and SU(2) doublet in the odd graded parts £±, E± whose subscripts ± 
correspond to the generators with eigenvalues ±| of the generator T 3 . Indeed Higgs 
doublet which we have introduced as Lie algebra valued gauge fields corresponds to 
these odd parts. It is interesting to note that the super symmetric algebra of S77(2|l) 
can be accommodated in the generalized gauge theory even without fermionic fields. 
The gauge field is now expanded by corresponding fields of the generators 

A =i{iA% + ^BY) + k(-^=(0 o S + + + S_ + 0*£'_ + 0* + £' + )), (6.56) 

where A\ B and O > <t>+ are re& l SU (2) x U (l)y gauge fields and complex Higgs scalar 
fields respectively. We can choose a particular form of the constant matrix m of the 
generalized differential operator m = ^(i>E+ + v*T!_) which leads 

12 

2' 



m 2 = 



(6.57) 
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Then eq. ( |6.57| ) exactly represents the electro-magnetic charge. As we can see 
from the gauge transformation of the curvature in ( |6.46 ) the gauge symmetries 



v spontaneously break down to the special direction which is required from the 
consistency of the extended differential algebras. 

The curvature is given with a suitable redefinition of fields A — > gA, 



T = 1 (g 2 F (0) - l -gF$dx» A dx v j + iigF^dx 11 . (6.55 
The kinetic terms of SU{2) x U{1)y gauge fields are 



F$ = Fl v T k + ^jf^Y, (6.59) 



where 



G^ v — d^B u — d u Bp. 



The kinetic terms of Higgs fields and interaction terms are 

= 71 { ( 9 ^ + ijf w ^ + ^z,^ + 

+ h.c. I, (6.60) 



where 



and 



2 2 



4. = ~4 + ( 6 - 61 ) 



These identifications ( 6.61 ) fix the Weinberg angle to be 9w = § which is an arbi- 
trary parameter in the Weinberg-Salam model. Thus the direction of spontaneous 
breaking is particularly chosen by the model itself. The Higgs potential term is 
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given by 



^(0) 



9 



fj 



+ 



+(. 



9 



T 3 + -Y 



9 J ^ 2 , 

Then the full expression of the action in Minkowski space-time is given by 



(6.62) 



S 



+ 2g 2 (\W fl W^\ 2 - (W^W"*) 2 ) 



+ 
+ 



+ 



1 % 

9^(f>o + -j=gW lt <l> + + -j=Z^y V Q 
d,4> + + ^gWftfo + p - 



2 

3 r 



^>o + - 



+ 



:i - 2y) 



+ 



(6.63) 



where 



dfj,A u — duA^, 



Zfu/ — d^Z v — d v Z^ 



D,, 



AT j 

d ti + i2g(^Z„ + -A, 



2 2 ^ 

Higgs potential term can be minimized by shifting the field with y = — |. This leads 
to the ratio of the mass of physical Higgs M$ and weak boson M w to j^- = y/2. 

The predictions from this scheme agree with noncommutative geometric mod- 
els |54| . This model has fewer parameters than the usual Weinberg-Salam model 
and has predictive power on the Higgs mass. 
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7 Possible Scenario and Conjectures for Unified 
Model on the Lattice 



I would like to discuss a possible scenario and then propose conjectures of unified 
model on the lattice based on the analyses of previous sections and suggestive known 
results. 

Constructive and reguralized quantum theory of gravity will be given by dynam- 
ically triangulated simplicial lattice manifold. In two dimensional quantum gravity 
we have enough evidences that this is the fact and we have the analytical and numer- 
ical formulations to describe it. As we have seen in the three dimensional example of 
Chern-Simons gravity the lattice manifold may be interpreted as spin graph where 
links carry the quantum numbers of angular momentum. Two dimensional topolog- 
ical gravity has similar nature as the Chern-Simons gravity where links may carry 



conformal spin quantum numbers ||40|| . In four dimensional lattice gravity formula- 



tions there are similar evidences [34] ||35|| |36| . 

Gauge theory formulation of the lattice gravity and matter will be formulated 
by the generalized gauge theory. In other words the generalized gauge theory for- 
mulated by differential forms may play a crucial role in formulating a lattice gravity 
since the diffeomorphism invariance is automatic in the formulation of differential 
forms. Furthermore differential forms and simplexes have one to one correspondence 
and thus the fields on the forms can naturally be put on the corresponding simplexes. 

Quaternion algebra may play a crucial role in the formulation of the lattice 
gravity formulated by the generalized gauge theory. In other words even forms, 
odd forms, fermions and bosons are the fundamental algebraic ingredients which are 
nicely classified by the quaternion algebra. Furthermore the graded Lie algebra will 
be another fundamental algebra which governs the gauge structure of the generalized 
gauge theory, in particular, the super symmetry. Thus the semi-direct product of 
the graded Lie algebra and the quaternion algebra is the fundamental structure of 
the generalized gauge theory and may play an important role in formulating lattice 
gravity as a gauge theory. 

Fermionic matter will be generated from the ghosts of quantization by the twist. 
The twisting procedure is essentially related with the Dirac Kahler fermion formu- 
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lation as we have shown in the quantization of topological Yang-Mills action. The 
fermionic ghosts appear as fermionic differential forms and can be put on the sim- 
plicial lattice similar as the bosonic fields. We need to understand this twisting 
mechanism from lattice point of view. 

As we have seen in the quantization of the generalized Chern-Simons actions we 
needed to introduce infinite number of ghosts due to the infinite reducibility of the 



system P5fl. It is interesting to consider possible physical aspects of the introduction 
of an infinite number of the ghost fields. An immediate consequence is a democracy 
of ghosts and classical fields, i.e., the classical fields are simply the zero ghost number 
sector among infinitely many ghost fields and thus the classical gauge fields and ghost 
fields have no essential difference in the minimal action. 

Furthermore fermionic and bosonic gauge fields are treated in an equal footing 
and the series of infinite ghosts originated from the classical fermionic and bosonic 
fields are complementary. In other words if we only introduce bosonic classical fields 
in the starting action we need to introduce fermionic fields with odd integer ghost 
number and bosonic fields with even integer ghost number as we have shown in sec- 
tion 5. If we introduce the classical fermionic gauge fields, the odd and even nature 
should be reversed for the ghost numbers when introducing the corresponding ghost 
fields to the fermionic gauge fields. It seems to mean that even the fermionic and 
bosonic fields have no essential difference in the generalized Chern-Simons theory. 
In other words fermionic fields, bosonic fields, classical fields and ghost fields are 
mutually inter-related via the quantization procedure. 

Super symmetry is the natural consequence of topological symmetry with partial 
gauge fixing of instanton conditions. Thus the introduction of super symmetry is 
realized via quantization procedure. In the generalized gauge theory graded Lie 
algebra plays an important role leading to the super symmetry. 

The lessons from the lattice Chern-Simons gravity of the section 4 tell us that 
the drei bein and spin connection can be simply put on the original and dual lattice, 
respectively. This means that the fields of differential forms from the generalized 
gauge theory will be put on both of the original and dual lattice. 

The standard model including Weinberg-Salam model will be realized by the 
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generalized gauge theory via non-commutative geometry mechanism. In particular 
the quaternion algebra plays an essential role here again to formulate the gauge the- 
ory of all the differential forms. It should be noted that Connes's non-commutative 
geometry formulation of Weinberg-Salam model is a particular example of our gen- 
eralized gauge theory formulation. Connes has speculated that the discrete two 
points which he introduced in the non-commutative geometry formulation can be 
interpreted as the discrete distance of the space time structure which is physically 
related with the Higgs vacuum expectation value [BD . 



In our generalized gauge theory the quaternion algebra is playing a fundamental 
role and should have some physical or geometrical interpretation. I would like to 
give conjectures on the possible interpretation of the quaternion and the fermion- 
boson correspondence following to the suggestive examples of analyses given in this 
summary. 

Conjectures 

The generalized gauge theory will be formulated on the simplicial lattice manifold 
and may play a fundamental role in formulating a unified model on the lattice. 
Quaternion algebra is responsible for differentiating even simplexes, odd simplexes 
corresponding to even forms and odd forms, and original simplicial lattice and the 
dual simplicial lattice reflecting boson and fermion nature. In particular discrete 
two points in terms of non-commutative geometry would correspond to the original 
lattice and dual lattice. 

Matter fermions are generated from ghosts via twisting mechanism which is 
nothing but the Dirac Kahler fermion formulation. Bosons and fermions are dual 
to each other in the lattice simlex sense. In other words bosons are sitting on the 
original lattice while fermions are sitting on the dual lattice and vice versa. Chiral 
fermion problem will be understood via Dirac Kahler fermion formulation. This 
duality relation would be analogous to the Ising model where the disorder variable 
defined on the dual lattice is related to the fermion field as shown in the subsection 
2.1. Strong coupling and weak coupling duality of Krammers and Wannier type is 
working here and the fermion will be a soliton on the dual lattice. The origin of 
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the Seiberg and Witten formulation[]55| will be related to the duality of original and 
dual lattice. 

Due to the complete duality of the original lattice and the dual lattice where 
fermions and bosons are located on the mutually dual lattices the super symmetry is 
the natural consequence for the whole system. The super symmetry transformation 
and the gauge transformation are the change of the fields from one simplex to the 
other on the original lattice and the dual lattice. This is analogous to the lattice 
gauge theory where even sites and odd sites exchange corresponds to the chiral 
transformation. 

Instanton will play an essential role in this bosonization mechanism and also in 
the breaking of the higher super symmetry or the topological symmetry. 

The phenomenological results like the group structure of the standard model and 
the number of the generations mentioned in the introduction will be understood from 
this point of view. 

Questions 

There are still many fundamental questions. In this summary we have mainly dis- 
cussed topological field theories which do not include dynamical degrees of freedom. 
Then the question arises: 

"How do the dynamical degrees of freedom appear starting from the theory with 
higher symmetry such as N = 2 super symmetry and topological symmetry ?" 
We can guess that the classical solution like instanton may play an important role 
to resolve the higher symmetry into lower symmetry but the mechanism is not yet 
clear. The topological symmetry or iV = 2 super symmetry may play a similar role 
as the kinetic term in the lagrangian formulation of field theory. The field theories 
keeping higher symmetry such as topological symmetry or higher super symmetry 
may not yet have genuine non-perturbative interactions which break the symmetry 
dynamically. 

There are other questions concerning to the number of dimensions of our space- 
time and Minkowskian nature. String approach may be able to understand this 
question |]56|| . I believe that the string approach and our approach is not incompatible 
but rather complementary. 
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